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Abstract
Contemporary plasma fusion experiments use significant power injection for plasma heat-
ing. The injected power selectively heats only part of the plasma, which then transfers its
energy to the rest of the plasma through collisions. Continuous power injection gives rise
to a dynamic equilibrium whereby part of the plasma has a higher energy than the bulk
of the plasma. Current plasma fluid treatments assume that the velocity distribution of
each particle species is described by a Maxwell-Boltzmann distribution function, and so
may not be accurate for plasmas with a significant energetic component.
A new method of modelling toroidally-symmetric plasma equilibria is derived in this
thesis: multi-fluid plasma modelling. In this model, the non-Maxwellian plasma is decom-
posed into an arbitrary number of energy-resolved fluids. Each fluid is charge-neutral, can
have arbitrary rotation, and is described by a Maxwellian distribution function.
To investigate the model numerically, it is implemented as a modification to an existing
single-fluid plasma equilibrium code. The modified code is then used to investigate the
effect of an energetic component on the plasma equilibrium. We find that the influence of
the energetic component can be significant if it has large toroidal flow (or flow-shear). The
plasma equilibrium is, however, relatively robust to variations in the energetic component’s
toroidal flow and pressure profiles.
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Chapter 1
Introduction
1.1 Overview
Since the pioneering work of Einstein, who recognised that matter and energy are related,
harnessing nuclear power for peaceful purposes has been identified as a long-term science
goal. Active research into harnessing fusion — the process that powers the Sun and the
stars — commenced in earnest following the Second World War.
Although a laudable aim, achieving net power output from a fusion reaction is a very
difficult problem. For fusion to occur, two positively charged nuclei must come close
enough for the attractive strong nuclear force to overcome the repulsive Coulomb force.
Moreover, the fusion reactants must be confined at a sufficiently high density, and for a
sufficient length of time, for enough energy to be released to exceed the energy required
to initiate the reaction.
To overcome the Coulomb barrier, the fusion reactants must be heated to temperatures
around 108K, or 10 times that of the core of the Sun. At these extreme temperatures,
the reactants will be completely ionised, i.e. in the plasma state. Because of the charge
separation caused by ionisation, a plasma exhibits collective behaviour caused by the
long-range interactions between the charged particles and the electromagnetic fields the
particles create. These electromagnetic fields can be manipulated externally, enabling
some degree of control over the plasma’s behaviour.
The tokamak [1, 2] is one experimental device designed to take advantage of the con-
trol provided by external magnetic fields to confine the plasma within a certain volume,
physically isolating it from the containing vessel (see Figure 1.1 for a schematic of a typ-
ical tokamak design). Using this method, the plasma can be thermally insulated from
its environment. This thesis investigates a new method of modelling the equilibrium of
tokamak plasmas.
1.2 Existing Modelling Techniques and their Limitations
A plasma is a complex system because the motion of the particles and the behaviour of the
electromagnetic fields are interdependent. Understanding and modelling the dynamics of
such systems is a challenging task. In addition to the fundamental value of such research,
this knowledge can also be used to advance the long-term goal of fusion power.
There are a number of different approaches to modelling plasma behaviour, but they
can be broadly divided into two classes: microscopic modelling and macroscopic modelling.
Microscopic modelling considers the plasma behaviour on the scale length of the particles’
orbits of the magnetic field lines, defined as the Larmor radius (∼10−3m for ions, and
∼10−5m for electrons in a tokamak plasma). This type of modelling is generally used for
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Figure 1.1: A cutaway of a typical tokamak design.
plasmas where the Larmor radius is a significant fraction of the size of the plasma. For
plasmas where the Larmor radius is a small fraction of the size of the plasma, microscopic
modelling becomes computationally difficult due to the large amount of detail in the model.
The other class of plasma models are the macroscopic models. These models consider
the plasma behaviour on the scale length of the total plasma size by averaging, in some
sense, over the smaller-scale behaviour. However, macroscopic modelling can, when ap-
plied to some systems, lead to the loss of vital physical effects, and so must be applied
with caution.
The most direct form of microscopic modelling would be to model the interactions
between the electromagnetic fields and each individual particle in the plasma. A more
sophisticated version of this idea is known as the particle-in-cell method [3]. In this
method, the plasma is modelled as containing a large number of conglomerate particles,
each of which represents many real particles. The pressure and electromagnetic fields are
calculated on a coarser grid of cells from the positions and velocities of the conglomerate
particles. This information is then used to evolve the positions and velocities of these
particles. As the number of particles in the plasma increases, the computational demands
of the particle-in-cell technique can become too great, and eventually another form of
modelling is needed.
Kinetic modelling is a form of microscopic modelling where the probability distribution
function of the particles’ velocities is evolved about an equilibrium probability distribution
function by a variational method. This variational method is known as the δf method [4]
because the velocity distribution function of each plasma species is fully described by the
7-dimensional function f(x,v, t), and it is a variation δf of f that is evolved. Although
this method is computationally more feasible than the particle-in-cell method for large
plasmas, it is still difficult because of the high dimensionality of the problem.
To further simplify the problem, other models make some additional physical assump-
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tions about the plasma’s behaviour. In the two-fluid treatment, the ions and electrons in
the plasma are modelled as fluids, each described by a number of macroscopic parame-
ters including density, pressure and mean fluid velocity at each point in the plasma. The
evolution of these quantities is described by a set of equations that are obtained by aver-
aging over the equations that describe the kinetic model. A difficulty arises in that this
averaging process does not lead to a closed system of equations.
To close the system of equations, a further approximation is needed to simplify the
higher-order effects of the plasma. Typically, this approximation includes the assumption
that at each point in the plasma, the velocity distribution of the particles is described
by the Maxwell-Boltzmann distribution, a statistical steady-state. As a result, a single
temperature can be defined at each point in the plasma that describes the shape of the
velocity distribution function at that point. In more sophisticated models, some level
of anisotropy is permitted, and two temperatures are used to describe the shape of the
velocity distribution. One of these temperatures describes the component of the velocity
distribution parallel to the local magnetic field, and the other describes the component of
the velocity distribution perpendicular to the local magnetic field.
Magnetohydrodynamics (MHD) is a further simplification of the two-fluid model in
which the two fluids are combined as a single fluid. The approximation made in the MHD
model is to neglect the mass of the electrons compared to the ion mass, and the electron
pressure compared to that of the ions. This approximation is satisfied for the plasmas
used in contemporary tokamak fusion experiments.
In experimental fusion plasmas, it is often the case that the velocity distribution of the
particles does not conform to the Maxwell-Boltzmann distribution; this is due to external
heating, used both to compensate for energy losses, and to increase the plasma tempera-
ture. Often, the heating mechanisms heat only particles within a certain velocity range.
Energy is then transferred from the component of the plasma resonant with the heating
mechanism to the rest of the plasma through collisions. If the heating process were ceased,
the plasma would eventually return to a Maxwellian distribution function. However, if
the heating process is continuous, as is the case in modern tokamak experiments, then a
dynamic equilibrium arises in which energy is transferred into the resonant component of
the distribution function at the same rate as it looses energy to the bulk of the plasma.
In this dynamic equilibrium, the high-energy component of the plasma can be seen as a
stationary ‘bump’ in the tail of the velocity distribution function of the whole plasma, as
shown in Figure 1.2. For plasmas with a significant amount of heating, this ‘bump’ can
cause the distribution function to be highly non-Maxwellian, and so a temperature cannot
be defined. It is not currently known how much of an effect neglecting the contribution of
a high-energy component of the distribution function has upon the fluid models previously
discussed; this thesis aims to make some progress towards answering this question.
1.3 Multi-fluid Modelling
In this project, a generalisation of the single-fluid MHD approach, called multi-fluid mod-
elling, is investigated. In multi-fluid modelling, the plasma is modelled by two or more
fluids, each of which represents a different energetic component of the plasma, as opposed
to different particle species, as in the two-fluid model. In the case of external heating
described previously, the bulk plasma would be modelled as one fluid with well-defined
temperature, velocity and density profiles; and the ‘bump’ would be modelled as a sepa-
rate fluid with its own temperature, velocity and density profiles. This project investigates
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Figure 1.2: A qualitative example of a resonantly heated ‘bump’ in the plasma velocity distribu-
tion function
numerically multi-fluid plasma equilibria in plasmas with toroidal symmetry and of arbi-
trary cross-section. The aim is to investigate the effect on a plasma’s magnetic equilibrium
caused by a high-speed ion species driven by external heating.
1.4 Thesis Outline
Chapter 2 gives an overview of the background information necessary for this thesis,
including a discussion of a number of mechanisms that give rise to non-Maxwellian plasmas.
We also discuss current plasma modelling techniques and selected results obtained by these
techniques.
In Chapter 3, we present our derivation of an original multi-fluid plasma model for
toroidally-symmetric plasmas. This model forms the basis of the investigation performed
in the rest of the thesis of the effect upon the plasma equilibrium of an energetic component
of the plasma. The numerical techniques underpinning the numerical simulation of our
model is given in Chapter 4. Our model is implemented as a modification of the existing
single-fluid equilibrium solver FLOW [5], this chapter also benchmarks the modified code
establishing the reliability of its results.
The modified code is used in Chapter 5 to investigate the effect of various properties
of an energetic component of a plasma upon the equilibrium. We find that the influence
of the energetic component of the plasma can be significant if it has large toroidal flow
(or flow-shear). We find, however, that the plasma equilibrium is relatively robust to
variations in the energetic component’s toroidal flow and pressure profiles.
This thesis is concluded in Chapter 6 with a summary of the results obtained, and a
discussion of potential future investigations.
Chapter 2
Tokamak Plasma Physics
This thesis is concerned with modelling plasmas that have non-Maxwellian velocity distri-
butions by a superposition of fluids with different Maxwellian velocity distributions. The
method used is most applicable to plasmas with velocity distributions that can be de-
composed into a number of identifiable components that each have a Maxwellian velocity
distribution.
This chapter begins by discussing the use of plasmas in fusion research in Section 2.1,
before giving a brief history of experimental tokamak physics in Section 2.2. In Section 2.3,
an overview of the mechanisms that give rise to non-Maxwellian velocity distributions in
experimental fusion plasmas is given. Section 2.4 gives a review of the development of the
theory describing tokamak equilibria. Finally, Section 2.5 discusses some analytical and
numerical results obtained when investigating tokamak equilibria with flow.
2.1 Plasmas & Fusion
To sustain the incredibly high temperatures required to achieve fusion, a high degree of
thermal isolation is required for the fusion fuel. In plasma fusion devices, this thermal
isolation is achieved by using a magnetic field to confine the plasma. This is possible
because when charged particles move perpendicularly in a magnetic field, they orbit the
magnetic field lines. This phenomenon can be used to confine the plasma within a vessel.
In a confined plasma, heat cannot be lost by conduction or convection, but only by the
slower process of radiation. However, instabilities in the plasma can lead to plasma contact
with the wall, resulting in rapid cooling and/or loss of confinement. In fusion plasmas, the
stored energy of the plasma is so great (of the order of GJ) that the wall can be damaged
if a significant part the plasma comes into contact with its.
As mentioned in §1.1, for a fusion reaction to occur, the Coulomb barrier between the
particles must be overcome. To minimise this barrier, the fusion reactants must have a
minimal number of protons; hence isotopes of hydrogen are the best candidates. There
are two reactions that are currently being considered for future fusion reactors: the fusion
of two deuterium1 nuclei, called the D-D reaction (which is actually one of two possible
reactions),
2H+ 2H→
{
3He + n (3.3 MeV released)
3H+ p (4.0 MeV released)
(2.1)
1Deuterium (2H) and tritium (3H) are isotopes of hydrogen; deuterium has one neutron while tritium
has two.
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and the fusion of deuterium and tritium, called the D-T reaction,
2H+ 3H→ 2H+ 3He (17.6 MeV released). (2.2)
The advantage of D-D fusion is that deuterium is abundant in the form of heavy water
in the world’s oceans. The D-T reaction has a significantly greater collision cross-section,
and so is easier to initiate. The disadvantage of the D-T reaction is that tritium, having
a half life of 12.3 years, is not found in nature and must be manufactured, for example by
neutron activation of lithium-6.
2.2 A Brief History of the Tokamak
Since the dawn of the nuclear age, a range of toroidal magnetic confinement configurations
have been trialled. Broadly, these experiments can be divided into two classes: toroidally
symmetric experiments, such as the tokamak and the reversed-field pinch, and the wider
asymmetric class, including the stellarator and the Elmo bumpy torus [6]. Of these, the
tokamak [1, 2] has been the most successful to date.
The tokamak is a plasma vessel in the shape of a torus, or doughnut, that was initially
developed in the Soviet Union in the 1950s. However it was not until 1969, when the Soviet
Tokamak-3 (T-3) experiment achieved significantly higher than expected temperatures
[7, 8], that the tokamak concept became prominent. As a result of the discovery in T-
3, many new tokamak experiments were planned around the world, and some existing
experiments were converted to tokamak configurations.
Although the plasma temperature measured in T-3 was higher than expected, it was
still significantly less than the optimum required for fusion. After reaching the limits of
contemporary heating technologies, the 1970s saw extensive research into alternate heating
mechanisms. These included radio-frequency wave heating [9], and the injection of high-
energy neutral beams [10]. Initial results were discouraging when it was discovered that
increased heating actually reduced the plasma confinement. However, in 1982 the Axially-
Symmetric Divertor Experiment (ASDEX) tokamak reported a significantly increased level
of confinement when the external heating was increased above a certain threshold [11].
This phenomenon was subsequently verified in other experiments, and is now known as
the H-mode.
During the 1980s, other tokamak experiments began operating, including the Tokamak
Fusion Test Reactor (TFTR) at Princeton, the Joint European Torus (JET) in the U.K.,
Japan Torus 60 (JT-60) in Japan, and Tore Supra in France. These experiments continued
to improve on the heating methods already developed, and achieved a number of significant
milestones during the 1990s. These include Tore Supra sustaining a plasma for a record of
two minutes in 1996 [12], and the JT-60 upgrade, JT-60U, achieving fusion power release
of 125% of the input power in 1998 [13].
The 1990s also saw the introduction of a more compact version of the tokamak: the
spherical tokamak [14]. The advantage of the spherical tokamak design is that it is capable
of achieving higher performance operation Gryaznevich et al. [15] (as measured by the
parameter β) than standard tokamaks of similar size. The difference between the standard
tokamak and the spherical tokamak is that a spherical tokamak has a much smaller ‘aspect
ratio’, where the aspect ratio is defined as the ratio of the major radius R to the minor
radius a, i.e. R/a. The distinction is shown in Figure 2.1. Typical spherical tokamaks
have an aspect ratio of R/a ≈ 1.3, while conventional tokamaks have R/a & 3. Current
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spherical tokamak experiments include the Mega-Ampe`re Spherical Tokamak [16] (MAST)
in the U.K., and the National Spherical Torus Experiment [17] (NSTX) at Princeton.
Figure 2.1: The spherical tokamak. Reproduced from www.fusion.org.uk
2.3 Non-thermalised Plasmas
A milestone for fusion energy is the ‘burning’ plasma regime where the energy released
by the confined fusion α particles is equal to the external heating. At this condition,
the net power gain is 5 times that of the input power. To reach this condition, exter-
nal heating must be used. In the to-be-built International Thermonuclear Experimental
Reactor (ITER), which is designed to have a steady-state power gain of 5, 73MW of ex-
ternal heating will be used [18]. Consequently, the effects of external heating on plasma
equilibria are becoming increasingly important. As mentioned in Chapter 1, these heating
mechanisms can drive the plasma to become non-thermalised (i.e. its velocity distribution
function becomes non-Maxwellian). Shown in Figure 2.2 are three methods of external
heating used in experimental tokamak plasmas: ohmic heating, radio-frequency heating
and neutral beam heating. Most experiments make use of all three. In this section, we
discuss these heating mechanisms and the suitability of a multi-fluid model for describing
the effect that each mechanism would have on the plasma equilibrium.
2.3.1 Ohmic Heating
Tokamak plasmas are initially formed by a toroidal electric field that ionises the atoms and
accelerates the resultant ions and electrons to form a current [19, p 238]. The bulk of this
energy is given to the electrons, which is then transferred to the ions through electron-ions
collisions until the electrons and ions come into thermal equilibrium. This heating can also
be considered as being caused by resistive heating (Ohmic heating), where the non-zero
resistivity, η, is caused by the electron-ion collisions. The power density released by ohmic
heating is given by
PΩ = ηJ2, (2.3)
where J is the plasma current density.
To create the toroidal electric field, a large transformer is used, of which the plasma
forms the secondary winding (see Figure 2.3). An increasing current in the primary wind-
ings of the transformer leads to an increasing magnetic flux in the transformer, and via
Faraday’s law, a toroidal electric field in the plasma. The magnetic flux through the
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Figure 2.2: Typical tokamak heating methods: ohmic heating, radio-frequency heating and neu-
tral beam heating. Reproduced from www.iter.org
transformer will be limited both by the maximum current that can be passed through the
primary coil, and the saturation magnetic field of the transformer. As the total energy
transferred depends only upon the total change in flux, the maximum energy that can be
transferred via ohmic heating is limited.
Another limitation of ohmic heating is due to the temperature dependence of the
plasma resistivity. As the electron temperature (Te) increases, the resistivity of the
plasma decreases as T−3/2e due to a reduced electron-ion collision cross-section, as shown
by Spitzer [20]. Ohmic heating causes the velocity distribution of the plasma to become
more Maxwellian (thermalise) because the transfer of energy between ions and electrons is
caused by collisions. Consequently, the multi-fluid model presented in this thesis will not
have any advantage over other fluid models for modelling a plasma dominated by ohmic
heating.
2.3.2 Radio Frequency Heating [9]
When charged particles move in a magnetic field, their paths trace out helices orbiting
magnetic field lines (as shown in Figure 2.4). The frequency of these orbits is given by the
cyclotron frequency,
ωc =
q |B|
m
, (2.4)
where q is the particle charge, |B| is the magnitude of the magnetic field, and m is
the particle mass. This motion can be driven by an appropriate electromagnetic wave
directed into the plasma that is resonant with the particle’s motion. This is known as
Radio Frequency Heating (RF).
Radio Frequency heating selectively heats only particles with a certain range of veloc-
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Figure4. Schematic illustrations of the tokamak (top), the classical I = 2 stellarator (middle) 
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Figure 2.3: Schematic diagram showing the use of a transformer in ohmic heating. Reproduced
from [10].
Figure 2.4: Cyclotron motion of ions and electrons in a magnetic field. The direction of the
magnetic field is shown by the green arrows, the red line represents the path of an electron, the
blue line the path of an ion. (Diagram not to scale)
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ities. This is demonstrated in the condition for an electromagnetic wave to be resonant
with the cyclotron motion [19, p 268],
v‖ =
ω
k‖
− l |ωc|
k‖
, (2.5)
where ‖ indicates the component of a vector parallel to the magnetic field, ω is the angular
frequency of the electromagnetic wave, v is the particle’s velocity, k is the wave vector,
and l = 0,±1,±2, . . . Consequently, RF heating will cause the plasma to become non-
thermalised. If the heating is continuous, a dynamic equilibrium will arise in which there
is an energetic component to the velocity distribution of the plasma. The effect of this
energetic component cannot be accurately modelled with current plasma fluid models.
However, this effect can be treated by using the multi-fluid model discussed in this thesis.
This can be done by approximating the energetic component of the plasma as having a
Maxwellian distribution, and representing it as a second fluid.
2.3.3 Neutral Beam Heating [10]
Another method of external heating is to inject high-speed particles into the plasma. In
this method of heating, the injected particles must be neutral, as charged particles would
be reflected by the plasma’s magnetic field. Once inside the plasma, the neutral particles
undergo collisional charge exchange with the ions. These ionised high-speed particles are
then confined within the plasma, and their energy will gradually be transferred to the rest
of the plasma through collisions. This process is known as neutral beam heating.
Neutral beam heating offers a high degree of control over where the power is distributed
from the neutral beam, by controlling the beam energy and the position & angle of the
injected beam. Another advantage of neutral beam heating is that the location that the
power is dissipated is independent of the magnetic field, and so can be predicted more
accurately.
The neutral beam injected into the plasma is formed by accelerating ionised particles
through an electric potential towards a gas vapour, where some of the ions are neutralised
by collisional charge exchange with the gas. All remaining charged particles are then
deflected out of the beam by a magnetic field before the remaining high-energy neutral
particles are injected into the plasma, as shown in Figure 2.2 on page 8. Because the
neutral beam is formed by acceleration of particles through a fixed potential, the neutral
beam entering the plasma will essentially be mono-energetic, i.e. its velocity distribution
will be strongly peaked at a certain point. Once the neutral beam has entered the plasma
and become ionised, the energy of the beam is gradually transferred to the rest of the
plasma through collisions.
In modern tokamak experiments, neutral beam heating is used continuously. This
causes a dynamic equilibrium to arise in which the energy lost by the energetic beam to
the rest of the plasma is balanced by collisional charge exchange of the injected energetic
neutral particles. Hence, the plasma will have an energetic component to its velocity
distribution function, causing the distribution to be non-Maxwellian. In general, the
velocity distribution of the energetic component will not be Maxwellian, rather, it will
be a slowing-down distribution [21]. The slowing-down distribution reflects the fact that
particles are injected into the plasma with a fixed energy, but the particles’ energies
decrease as they undergo collisions with the rest of the plasma. Currently, the effect of
the energetic component of the distribution function is not considered by fluid models.
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In this thesis, we consider a simplified model where the velocity distribution of the
energetic component of the plasma is approximated by a Maxwellian distribution.
2.4 Theoretical Descriptions of Tokamak Equilibria
In this section, we give an overview of the theoretical description of tokamak plasma
equilibria. Most of the information in this section is guided by a review by Freidberg [6].
2.4.1 The Vlasov & Fokker-Planck Equations
To fully describe the dynamics and interactions of a plasma, a statistical approach is
necessary. In this approach, the state of each particle species in the plasma (e.g. electrons
and ions) is described by a 7-dimensional distribution function fi(x,u, t) where
fi(x,u, t) d3x d3u, (2.6)
is the number of particles of the ith particle species at position x, velocity u and time t
enclosed in the d3x volume and d3u velocity elements.
Vlasov [22] was the first to use this description to obtain an equation describing the
evolution of fi:
∂
∂t
fi(x,u, t) + u · ∂
∂x
fi(x,u, t) +
qi
mi
(E+ u×B) · ∂
∂u
fi(x,u, t) = 0, (2.7)
where qi is the particle charge, and mi is the particle mass. In this expression, known as
the Vlasov equation, the electric field E and the magnetic field B are mean fields averaged
over volumes large enough to contain many particles. As a result, short-range coulomb
collisions are not described by this equation. The inclusion of a collision term (∂fj/∂t)coll
in Eq. (2.7) gives rise to the Fokker-Plank equation [23],
∂
∂t
fi(x,u, t)+u· ∂
∂x
fi(x,u, t)+
qi
mi
(E+ u×B)· ∂
∂u
fi(x,u, t) =
(
∂
∂t
fi(x,u, t)
)
coll
. (2.8)
Unfortunately, as the electric and magnetic fields in Eq. (2.8) depend on the distri-
bution functions fi, the equation is nonlinear, and analytic solutions are not generally
possible. Furthermore, as mentioned in Chapter 1, this equation represents a system of
coupled 7-dimensional partial differential equations (PDE’s), one for each particle species,
of which there will be at least two (electrons and ions). For any realistic tokamak plasma,
calculation of the system dynamics is numerically difficult.
2.4.2 The Two-fluid Model
The two-fluid model is derived by taking velocity moments (integrals against powers of
the particle velocity ui) of the Fokker-Planck equation. For example, taking the zeroth
moment of the Fokker-Planck equation gives a statement of conservation of particles for
each species,
∂ni
∂t
+∇ · (nivi) = 0, (2.9)
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where ni(x, t) =
∫
fi(x,u, t) d3v is the mean particle density and vi =
∫
fi(x,u, t) u d3u
is the mean fluid velocity. The first moment gives a statement of force balance,
mini
[
∂vi
∂t
+ (vi · ∇)vi
]
= qini (E+ vi ×B)−∇ ·←→Pi +
∑
k 6=i
Rik, (2.10)
where
←→
Pi is the pressure tensor for the ith particle species andRik is the rate of momentum
transfer from the kth to the ith particle species.
This process does not yield a closed system of equations because each velocity mo-
ment involves a term containing the next-higher order moment, e.g. Eq. (2.9) involves the
first order moment (the mean fluid velocity vi), and Eq. (2.10) involves the second-order
moment (the pressure tensor
←→
Pi ). Usually only the zeroth, first and second velocity mo-
ments are taken, after which some simplifying assumptions are made to close the system
of equations. A complete derivation of the first three moments is given in Freidberg [6].
First, the scales of interest are defined. Rates of change in the plasma are assumed to
be much slower than the electron plasma frequency, ω  ωpe, where ωpe =
√
nee2/meε0
is the electron plasma frequency. Length scales of interest are assumed to be much larger
than the Debye length L λd where λd = |vion| /ωpe. The Debye length, λd, is a measure
of the distance over which the electric field due to a single particle is ‘screened out’ by the
random motions of other particles. That is, it is the scale over which the mean fields E
and B are calculated.
Next, a second series of approximations close the system of equations. If the mean-free
path of the particles is much smaller than the dimensions of the plasma, the plasma is said
to be collision-dominated. Under this approximation, the heat flux (related to the third
velocity moment of the distribution function) is negligible. Also, any anisotropy in the
pressure tensor will be quickly balanced, and so the pressure tensor
←→
Pi can be replaced
by an isotropic scalar pressure pi.
With these approximations, the two-fluid equations obtained are:
∂ρi
∂t
= −∇ · (ρivi) , (2.11)
ρi
dvi
dt
= −∇pi + niqi (E+ vi ×B) +
∑
k 6=i
Rik, (2.12)
d
dt
(
pi
ργi
)
= 0, (2.13)
where ρi = mini is the species’ mass-density, and γ is the ratio of specific heats.
2.4.3 The Ideal MHD Model
The ideal MHD model is a reduction of the two-fluid model in which the electron and
ion fluids are combined into a single quasi-neutral2 fluid. This is achieved by taking
linear combinations of the equations for the two-fluid model and neglecting terms of the
order me/mion. To complete the model, an expression is needed for the inter-species
momentum transfer, Rik. The dominant contribution to Rik between the electrons and
2Quasi-neutrality means that any charge imbalance in the fluid would be balanced on a faster timescale
than the one of interest. Consequently, qene ≈ qionnion.
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ions is electrical resistance, and it can be expressed as [24, p 43]
Rik ≈ qiniηJ, (2.14)
where η is the electrical resistivity. In the ideal MHD model, it is assumed that although
collisions are dominant, they are still sufficiently infrequent that the resistivity due to
inter-species collisions may be neglected. If this assumption is not made, and the effects
of resistivity are retained, the model is known as the resistive MHD model.
Neglecting the resistivity of the plasma, the equations describing the ideal MHD model
are given by:
∂ρ
∂t
= −∇ · ρv, (2.15)
ρ
dv
dt
= J×B−∇p, (2.16)
d
dt
(
p
ργ
)
= 0, (2.17)
where ρ = ρion is the plasma mass-density, v ≈ vion is the mass-averaged velocity, p =
pion+pe is the total isotropic pressure, and d/dt = ∂/∂t+(v·∇) is the convective derivative.
2.4.4 The Grad-Shafranov Equation
First derived in 1957, the Grad-Shafranov equation [25–27] is an application of the ideal
MHD model to describe the equilibrium of plasmas with toroidal symmetry, and zero
mean fluid velocity. This regime of zero mean fluid flow was initially investigated because
until the use of neutral beam heating, flows in the plasma were found to be negligibly
small. When neutral beam heating is used, they can drive large flows in the plasma. In
certain circumstances, these large flows (in particular flow-shear) can lead to suppression
of some instabilities [28, 29]. While it is not accurate for the description of many modern
experiments, the Grad-Shafranov equation is important in that it is one of the first models
of a plasma equilibrium in a realistic geometry.
To proceed further with a discussion of the Grad-Shafranov equation, we employ a
cylindrical coordinate system using variables (R, Z, φ), where φ is the toroidal coordinate,
as defined in Figure 2.5.
The Grad-Shafranov equation describes the plasma in terms of a set of enclosed sur-
faces, called ‘flux surfaces’, traced out by the magnetic field lines. In the (R,Z) plane,
the cross-section of these surfaces is traced out by the component of the magnetic field in
that plane, as shown in Figure 2.6. These flux surfaces are also the surfaces of constant
pressure, and the surfaces on which the current flows. These flux surfaces are given by
contours of the parameter Ψ, where Ψ is found by solving the Grad-Shafranov equation,
R2∇ ·
(∇Ψ
R2
)
= −R2dp(Ψ)
dΨ
− f(Ψ)df(Ψ)
dΨ
, (2.18)
where p(Ψ) defines the pressure on each flux surface, and f(Ψ) = BφR defines the quantity
BφR on each flux surface, with Bφ the toroidal component of the magnetic field. Both
p(Ψ) and f(Ψ) are freely specifiable functions of flux (flux functions).
Just as the gradient of Ψ defines the direction of the pressure force, it is useful to
have a definition of a direction perpendicular to ∇Ψ in the (R,Z) plane (parallel to the
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Figure 2.5: The cylindrical coordinate system using variables (R, Z, φ).
flux surfaces in the (R,Z) plane). This direction is called the ‘poloidal’ direction, and
is defined as being parallel to the component of the magnetic field in the (R,Z) plane,
i.e. parallel to Bpol in Figure 2.6. The magnetic axis is the point in the plasma where
Bpol = 0, this is the centre of the flux surfaces in Figure 2.6.
2.4.5 Generalisations of the Grad-Shafranov Equation
The Grad-Shafranov equation was first generalised to consider the case of toroidally-
rotating plasma in 1980 by Maschke and Perrin [30]. In 1983, this was further generalised
to the case of arbitrary flow (i.e. flow in the toroidal direction and in the (R,Z) plane) by
Hameiri [31]. Unsurprisingly, Hameiri’s system of equations is more complicated than the
Grad-Shafranov equation, Eq. (2.18), and is given by a system of three equations with five
freely-specifiable flux functions, instead of one equation with two freely-specifiable flux
functions. Since 1983, further generalisations of the Grad-Shafranov equation have been
considered, including relativistic effects [32], and isotropic & anisotropic resistivity with
flow [33–36].
2.4.6 Multi-fluid Models
Although two-fluid (ions and electrons) equilibria have been considered extensively, multi-
fluid equilibria have not been considered to the same extent. Steinhauer [37] derived a
very general, although complex, model consisting of a system of equations that includes
n two-dimensional non-linear PDE’s and 3 linear two-dimensional PDE’s for an n fluid
plasma. The analysis to be discussed in Chapter 3 includes only a single, non-linear,
two-dimensional PDE for an n fluid plasma, and is an independent treatment of multi-
fluid equilibria. Whilst not as general as the treatment given by Steinhauer, it allows the
relevant physics to be explored under a reduced set of equations.
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Figure 2.6: The enclosed flux surfaces traced out by the magnetic field lines. Bpol is the compo-
nent of the magnetic field in the (R, Z) plane. The inboard side of the plasma is the side closest
to the Z axis, while the outboard side is the side furthest from the Z axis.
2.5 Plasma Equilibrium Solutions with Flow
2.5.1 Analytical Solutions
Obtaining analytical plasma equilibria with flow poses many challenges, which have been
met by applying different simplifying assumptions. In 1984, Clemente and Farengo [38]
obtained semi-analytical solutions with toroidal flow for a plasma with a rectangular cross-
section and an aspect ratio of 1 (i.e. a torus with no central hole). They found that pressure
is no longer a flux function (i.e. the surfaces of constant pressure deviate from the flux
surfaces), and the plasma shifts outboard as the toroidal flow increases. Both these effects
are caused by the centrifugal force in the frame of reference of the rotating plasma.
Other analytical solutions were obtained by linearising the system of equations, as done
by Throumoulopoulos and Pantis [39], where it was found that the plasma performance
parameter β does not explicitly depend upon toroidal flow, but only implicitly through its
dependence upon parameters such as the pressure and current. Tasso and Throumoulopou-
los [40] considered the effect of arbitrary flow upon the equilibria of incompressible fluids,
i.e. v · ∇ρ = 0. In 2003, Throumoulopoulos et al. [35] obtained solutions for plasmas of a
rectangular cross-section where the inboard edge of the plasma does not coincide with the
Z axis, and found that the shape of the density and rotation profiles can have a strong
effect on the position of the magnetic axis. In 2005, Poulipoulis et al. [41] investigated
toroidally-flowing plasma equilibria with multiple magnetic axes, that is, plasma equilibria
where not all of the flux surfaces are nested as they are in Figure 2.6.
2.5.2 Numerical Solutions
Because a general solution to the Grad-Shafranov equation with arbitrary flow is not
available, numerical methods are needed to investigate general equilibria of arbitrary cross-
section. This important for modelling experiments. A number of numerical codes exist
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to solve a tokamak plasma equilibrium with toroidal and/or poloidal flow. A number of
these are listed in Table 2.1, together with their properties.
Code Properties
CLIO [42] A code designed to investigate plasma equilibria with toroidal flow
in the JET experiment.
EFIT [43–45] A code designed to reconstruct plasma equilibria from experimen-
tal data by repeatedly solving the Grad-Shafranov equation. Ini-
tially designed for use in the DIII and DIII-D experiments, EFIT
is widely used in modern tokamak experiments. Although it ini-
tially only considered plasma equilibria without flow, it was re-
cently modified to solve equilibria with toroidal flow [45].
FINESSE [46] A code designed to investigate arbitrary flow in astrophysical and
tokamak plasmas. FINESSE also considers the effect of an exter-
nal gravitational field.
FLOW [5] A code designed to investigate plasma equilibria with arbitrary
flow in the NSTX experiment, but applicable to tokamaks of ar-
bitrary cross-section.
Table 2.1: Some numerical codes that solve for plasma equilibria with flow
Chapter 3
A Multi-fluid Force-balance Equation
The Grad-Shafranov equation, Eq. (2.18) on page 13, describes the equilibrium of a single-
fluid plasma with zero flow under the ideal MHD approximation. In this chapter, we aim
to derive an original multi-fluid plasma model that can be used to model a non-Maxwellian
plasma by decomposing the electron and ion velocity distributions into multiple energy-
resolved components, each approximated by a Maxwellian distribution.
To make the problem tractable, it is assumed that:
 the pressure for each particle species is isotropic,
 plasma resistivity is negligible,
 each fluid is quasi-neutral,
 the velocity distribution function for each fluid is Maxwellian, and
 the plasma has toroidal symmetry.
As this work is only concerned with the plasma steady-state, all time derivatives are
neglected. The derivation of the ideal MHD model by McClements and Thyagaraja [47]
guided the early parts of the derivation detailed in this chapter.
3.1 Overview
A typical derivation of the ideal MHD model begins by taking velocity moments of the
Fokker-Planck equation, Eq. (2.8), for the electron and ion distribution functions. In the
model to be derived in this chapter, we wish to distinguish between the different energetic
components of the distribution functions. Consequently, we decompose the electron and
ion distribution functions into an arbitrary number of pairs of electron and ion distribution
functions meeting two criteria:
1. Considered together, the electron and ion distributions of a pair are quasi-neutral.
This is equivalent to the condition that the spatial profiles of the electron and ion
distributions in a pair are nearly identical.
2. The velocity distributions of the electrons and ions of a pair are similar, but suf-
ficiently separate from the velocity distributions of the other pairs. Because the
energy transferred by Coulomb collisions (Rutherford scattering) is proportional to
the inverse square of the difference in velocities of two particles undergoing a collision
[19, p 54], the energy transferred between particles in the same pair will dominate
the transfer of energy between particles in different pairs.
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We index the different components of the electron and ion distribution functions collec-
tively by the subscript i, while the pairs are indexed by the subscript j. For example,
if the electron and ion velocity distributions are decomposed into n pairs, i will satisfy
1 ≤ i ≤ 2n, and j, 1 ≤ j ≤ n. Initially, each component will be considered separately,
before combining the pairs to give n quasi-neutral fluids.
The starting equations for this derivation are the zeroth and first order moments of the
Fokker-Planck equation (Eq. (2.9) and Eq. (2.10)), Maxwell’s equations, and an equation
of state with a form to be specified later in the derivation. By specifying the equation of
state as late in the derivation as possible, earlier results are independent of the equation
of state eventually chosen.
Definitions of the symbols used in this derivation are given in Table 3.1. In this work,
a cylindrical coordinate system will be employed, using variables (R, Z, φ) where φ is the
toroidal coordinate, as shown in Figure 2.5 on page 14.
Symbol Meaning
ρ Mass density
v Mean fluid velocity
p Isotropic pressure
q Particle charge
m Particle mass
n Particle density
B Magnetic field
E Electric field
Φ Scalar electric potential
Table 3.1: Table of Symbols
3.2 A Multiple Quasi-neutral Fluid Model
We model each component of the ion and electron distribution function decompositions by
a fluid with a number of macroscopic variables, including velocity, pressure, and particle
density. The zeroth order moment of the Fokker-Planck equation (Eq. (2.9) on page 11)
is a statement of conservation of mass for each fluid,
∇ · (ρivi) = 0. (3.1)
The first order moment, Eq. (2.10) is a statement of force-balance,
ρi (vi · ∇)vi = −∇pi + qiniE+ qinivi ×B, (3.2)
where isotropic pressure replaced the pressure tensor, and the effect of collisions (the
plasma resistivity) has been neglected. Completing the system of equations is the equation
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of state, which will be specified later, and Maxwell’s equations:
∇ ·E =
∑
i
qini, (3.3)
∇ ·B = 0, (3.4)
∇×E = 0, (3.5)
∇×B = µ0J. (3.6)
Solving this set of equations numerically is in general a non-trivial exercise due to the
large number of interdependent variables and complicated geometry. In order to solve this
system of equations numerically, it will be necessary to spend some time simplifying the
system by reducing the number of variables and simplifying the geometry. The first step
will be to group the ion and electron fluids into their quasi-neutral pairs, and approxi-
mate each pair as an ideal fluid (i.e. negligible resistivity). Next, vector components of
the force-balance equations are taken to obtain a number of freely-specifiable flux func-
tions representing certain properties of the plasma equilibrium, and a second order partial
differential equation.
Consider now, the force balance equation for the electron component of one of these
quasi-neutral fluids,
0 = −∇pj,e + qj,enj,eE+ qj,enj,evj,e ×B, (3.7)
where the left hand side of Eq. (3.2) is neglected due to the comparatively small mass of
the electron. In plasmas for which the electrons are well-confined by the electromagnetic
fields, the pressure of the electron species may also be neglected, yielding
E+ vj,e ×B = 0, (3.8)
for the electron component in each quasi-neutral fluid.
To model the plasma as a collection of interacting ideal MHD fluids, it is necessary to
write all quantities in terms of the parameters of the quasi-neutral ideal MHD fluid, e.g.
the fluid velocity vj and the fluid current Jj . The fluid velocity is defined as
vj =
mj,ionnj,ionvj,ion +mj,enj,evj,e
mj,ionnj,ion +mj,enj,e
≈ vj,ion, (3.9)
where the fluid velocity is essentially the velocity of the ion component, due to the small
mass of the electron. The current of the fluid is defined as
Jj = nj,ionqj,ionvj,ion + nj,eqj,evj,e. (3.10)
As the ion and electron components in each fluid form a quasi-neutral pair, there is also
a quasi-neutrality condition on the fluid that can be written as
nj,eqj,e + nj,ionqj,ion = 0. (3.11)
Using these three expressions, the electron component’s velocity is eliminated from
Eq. (3.8) to give
E− 1
nj,ionqj,ion
Jj ×B+ vj ×B = 0. (3.12)
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If the electron and ion components have roughly the same velocity in the direction per-
pendicular to the magnetic field, then the Hall term in the above equation (the second
term) can be neglected compared to the vj ×B term. Explicitly, the assumption made is
|Jj ×B|
nj,ionqj,ion
= |(vj,ion − vj,e)×B|  |vj ×B| , (3.13)
for each fluid in the plasma. By doing this, the usual ideal MHD equation is arrived at
for each fluid,
E+ vj ×B = 0. (3.14)
This is an important equation, and a number of results will be obtained from it. At
present, it is enough to note that it is one of two equations that will be obtained from
the force-balance equation (Eq. (3.2) on page 18) for the electron and ion components in
each quasi-neutral fluid. The second equation is obtained by summing the force-balance
equation (Eq. (3.7)) over the electron and ion species in a fluid,
ρj (vj · ∇)vj = −∇pj + Jj ×B, (3.15)
where ρj is the mass-density of the fluid and pj is the isotropic partial pressure exerted by
the fluid. Note that the electric field term has disappeared due the the quasi-neutrality of
each fluid.
3.3 Flux Functions for Velocity
At this point, the force-balance equations for each particle species have been transformed
into two equations, an equation describing the fluid as a perfect conductor, Eq. (3.14), and
a force-balance equation, Eq. (3.15). The aim in this section is to obtain from Eq. (3.14),
a number of flux functions describing the velocity distribution of the plasma. Before doing
this, the constraints given in Eq. (3.1), Eq. (3.4), and Eq. (3.5) must be considered.
As the electric field is curl-free (from Eq. (3.5) on the previous page), it can be written
as the gradient of a scalar field,
E = −∇Φ(R,Z), (3.16)
where, due to toroidal symmetry, Φ does not depend on the toroidal co-ordinate. Also, as
both the magnetic field, B, and the fluid mass flux, ρjvj , are divergence-free, they can be
written in the following form:
B =
1
R
∇Ψ× eˆφ +Bφeˆφ, (3.17)
ρjvj =
1
R
∇ζj × eˆφ + ρjvj,φeˆφ, (3.18)
where Ψ is the poloidal magnetic flux, Bφ is the toroidal magnetic field, ζj is the poloidal
mass flux for the jth fluid, vj,φ is the toroidal component of the jth fluid velocity, and eˆφ
is a unit vector in the φ direction.
As the toroidal component of Eq. (3.16) is zero, the toroidal component of the second
term of the ideal MHD equation must also be zero,
(vj ×B)φ = 0. (3.19)
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This can be simplified using the expansions for ρjvj and B in Eq. (3.18) and Eq. (3.17)
respectively. After some algebra, the cross product of these two equations is expressed as
ρjvj ×B = 1
R2
∇ζj ×∇Ψ− Bφ
R
∇ζj + ρjvj,φ
R
∇Ψ. (3.20)
Because ζj and Ψ do not depend on the toroidal co-ordinate, Eq. (3.19) gives
∇ζj ×∇Ψ = 0, (3.21)
=⇒ ζj = ζj(Ψ). (3.22)
The latter equation can also be written as Ψ = Ψ(ζj), however it is more convenient to
have all the ζj variables written in terms of the single variable Ψ. ζj(Ψ) is called a flux
function because it is a function of the poloidal magnetic flux, Ψ, as defined in §2.4.4. To
simplify solving the plasma equilibrium, we aim to write as much of the plasma equilibrium
as possible in terms of Ψ, and obtain an equation describing the solution for Ψ.
Another flux function can be extracted from the ideal MHD approximation by taking
the curl of each term in the ideal MHD equation, Eq. (3.14), and applying Faraday’s law
(Eq. (3.5) on page 19). This gives the following result,
∇× (vj ×B) = 0. (3.23)
Substituting Eq. (3.20) into Eq. (3.23), a second flux function, Ωj(Ψ), is obtained from
the ideal MHD equation,
Ωj(Ψ) =
vj,φ
R
− Bφ
ρjR
ζ ′j , (3.24)
where a prime denotes a derivative with respect to the poloidal flux, Ψ. This equation is
a poloidal-flow-modified equation for the toroidal angular frequency of the flux surfaces.
In a plasma with purely toroidal flow, ζ ′j would be zero and the flux surfaces would rotate
rigidly in the toroidal direction because ωj = vj,φ/R would be a flux function. However,
with poloidal flow, ζ ′j is non-zero, and this is no longer the case.
3.4 The Fluid Force-balance Equation
The previous section reduced the ideal MHD equation to two freely-specifiable flux func-
tions, ζj(Ψ) and Ωj(Ψ). In this section and the next, the aim is to simplify the fluid
force-balance equation (Eq. (3.15) on the preceding page). In particular, we aim to pa-
rameterise the plasma equilibrium in terms of the poloidal magnetic flux, Ψ, and obtain an
equation describing the solution to Ψ. Accordingly, in this section, the fluid force-balance
equation is expanded in terms of Ψ. This is done in anticipation of Section 3.5 where its
vector components are taken.
In order to reduce the number of different variables in the force balance equation, it is
useful to decompose the magnetic field into the components due to the currents Jj , and
the component due to the externally applied field. Ampe`re’s law can then be applied to
each component of the total magnetic field to write the current Jj in terms of the magnetic
field Bj that it produces. In this way, the Jj×B term in Eq. (3.15) can be written entirely
in terms of magnetic fields.
We decompose the total magnetic field in terms of the components due to each current,
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and an externally-produced field,
B =
∑
j
Bj +Bext, (3.25)
where Bj is the magnetic field produced by Jj , and Bext is the externally applied magnetic
field. This decomposition is valid, because each of the currents Jj are physical currents.
Thus, by the superposition principle, the total magnetic field will be the sum of the
components due to each fluid current Jj in the plasma and the component Bext due to
currents external to the plasma.
Because these magnetic field components represent physical magnetic fields, their di-
vergences must be zero:
∇ ·Bj = 0, (3.26)
∇ ·Bext = 0. (3.27)
Consequently, Bj and Bext can be expanded in a similar way to the total magnetic field
in Eq. (3.17):
Bj =
1
R
∇Ψj × eˆφ +Bj,φeˆφ, (3.28)
Bext =
1
R
∇Ψext × eˆφ +Bext,φeˆφ. (3.29)
Ampe`re’s law can now be applied to Bj and Bext to obtain expressions for Jj and Jext in
terms of the magnetic fields they produce,
∇×Bj = −R∇ ·
(
1
R2
∇Ψj
)
eˆφ +
1
R
∇ (Bj,φR)× eˆφ = µ0Jj , (3.30)
∇×Bext = −R∇ ·
(
1
R2
∇Ψext
)
eˆφ +
1
R
∇ (Bext,φR)× eˆφ = µ0Jext. (3.31)
As Bext is, by definition, caused by currents outside of the plasma, Jext = 0 must hold in
the plasma. As the poloidal and toroidal terms in Eq. (3.31) are orthogonal, applying this
condition gives
∇ ·
(
1
R2
∇Ψext
)
= 0, (3.32)
Bext,φR = constant. (3.33)
Using Eq. (3.30) for Jj , and Eq. (3.17) for B, the Jj × B term in the force-balance
equation (Eq. (3.15)) can be rewritten as
Jj ×B = − 1
µ0
∇ ·
(
1
R2
∇Ψj
)
∇Ψ− 1
µ0
Bφ
R
∇ (Bj,φR)− 1
µ0
1
R2
[∇Ψ×∇ (Bj,φR)] . (3.34)
Now that the Jj×B term in the force-balance equation has been expanded in terms of
the poloidal magnetic fluxes Ψ and Ψj , we turn our attention to the term on the left hand
side of the force-balance equation, Eq. (3.15). To expand this in terms of Ψ, the expansion
for ρjvj in Eq. (3.18) will be used. As it has already been shown that the poloidal mass
flux ζj is a function of Ψ in Eq. (3.22), this expansion will then enable the left hand side
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of the force-balance equation to be written in terms of Ψ as well.
First, a vector identity is used to expand the convective derivative:
ρj (vj · ∇)vj = ρj (∇× vj)× vj + ρj2 ∇v
2
j . (3.35)
Substituting the expansion for ρjvj in Eq. (3.18) into this equation and simplifying, allows
us to rewrite this as
ρj (vj · ∇)vj = −∇ ·
( ∇ζj
ρjR2
)
∇ζj + 1
R2
[∇ (vj,φR)×∇ζj ]− ρj2R2∇
(
v2j,φR
2
)
+
ρj
2
∇v2j .
(3.36)
Because ζj is a function of Ψ, the gradient terms in this expression can be written in terms
of Ψ using ∇ζj = ζ ′j∇Ψ. Substituting this into the expansion above gives
ρj (vj · ∇)vj = −∇ ·
(
1
ρR2
ζ ′j∇Ψ
)
+
1
R2
ζ ′j [∇ (vj,φR)×∇Ψ]−
ρj
2R2
∇ (v2j,φR2)+ ρj2 ∇v2j .
(3.37)
Combining the expansions for the convective derivative term and for Jj×B allows the
force-balance equation to be written as
−∇ ·
(
1
ρjR2
ζ ′j∇Ψ
)
ζ ′j∇Ψ+
1
R2
ζ ′j [∇ (vj,φR)×∇Ψ]−
ρj
2R2
∇ (v2j,φR2)+ ρj2 ∇v2j
= −∇pj − 1
µ0
∇ ·
(
1
R2
∇Ψj
)
∇Ψ− 1
µ0
Bφ
R
∇ (Bj,φR) + 1
µ0
1
R2
[∇ (Bj,φR)×∇Ψ] .
(3.38)
Although this equation is significantly more complicated than Eq. (3.15), it makes the
process of taking components in the ∇Ψ and ∇Ψ× eˆφ directions in the next section much
simpler. Additionally, as much of the plasma equilibrium as possible has been written in
terms of the single parameter Ψ.
3.5 Flux Functions from the Force-balance Equation
In this section, vector components of Eq. (3.38) are taken to obtain two more flux functions.
To begin with, we consider the toroidal component of Eq. (3.38),
1
R2
ζ ′j [∇ (vj,φR)×∇Ψ] =
1
µ0
1
R2
[∇ (Bj,φR)×∇Ψ] . (3.39)
Rearranging this gives another flux function,
fj(Ψ) = Bj,φR− µ0vj,φRζ ′j . (3.40)
In a plasma with no poloidal flow, ζ ′j would be zero and Eq. (3.40) reduces to the expression
f(Ψ) = BφR for the Grad-Shafranov equation, discussed in §2.4.4.
This new flux function, Eq. (3.40), can be used together with the definition of Ωj
in Eq. (3.24) on page 21 to obtain an expression for the toroidal component of the total
magnetic field. This is useful, because the expanded force-balance equation, Eq. (3.38)
involves Bφ, and it would be preferable to have as much of the force-balance equation as
possible written in terms of the poloidal flux Ψ. Simultaneously solving Eq. (3.40) with
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the definition of Ωj in Eq. (3.24) to eliminate vj,φ gives
BφR =
∑
j fj(Ψ) +Bext,φR+ µ0
∑
j R
2ζ ′jΩj
1− µ0
∑
j
1
ρj
ζ ′2j
, (3.41)
where a prime indicates a derivative with respect to Ψ. This equation can be simplified
by defining
f(Ψ) =
∑
j
fj(Ψ) +Bext,φR, (3.42)
where Bext,φR is a constant, from Eq. (3.33) on page 22. Substituting this into Eq. (3.41)
gives
BφR =
f(Ψ) + µ0
∑
j R
2ζ ′j(Ψ)Ωj(Ψ)
1− µ0
∑
j
1
ρj
ζ ′2j (Ψ)
. (3.43)
So far, only one flux function has been obtained from the force-balance equation,
fj(Ψ) in Eq. (3.40). Another flux function can be obtained from the poloidal component
of the expanded force-balance equation (Eq. (3.38) on the preceding page). Subtracting
the toroidal component, which has already been considered, the force-balance equation
becomes
−∇ ·
(
1
ρjR2
ζ ′j∇Ψ
)
ζ ′j∇Ψ−
ρj
2R2
∇ (v2j,φR2)+ ρj2 ∇v2j
= −∇pj − 1
µ0
∇ ·
(
1
R2
∇Ψj
)
∇Ψ− 1
µ0
Bφ
R
∇ (Bj,φR) .
(3.44)
To obtain the poloidal component of this equation, its scalar product is taken with a unit
vector in the poloidal direction (see Figure 2.6 on page 15 for a definition of the poloidal
direction),
bˆpol =
Bpol
|Bpol| =
∇Ψ× eˆφ
|∇Ψ| , (3.45)
where the subscript ‘pol’ refers to the poloidal component. Noting that bˆpol · ∇Ψ = 0,
taking the scalar product of bˆpol with Eq. (3.44) gives
− ρj
2R2
bˆpol · ∇
(
v2j,φR
2
)
+
ρj
2
bˆpol · ∇v2j = −bˆpol · ∇pj −
1
µ0
Bφ
R
bˆpol · ∇ (Bj,φR) . (3.46)
As (bˆpol ·∇)Ψ = 0, bˆpol points along surfaces of constant poloidal flux, Ψ. Hence, defining
l as the length along surfaces of constant poloidal flux, we obtain
bˆpol · ∇ = ∂
∂l
. (3.47)
Applying this to Eq. (3.46) yields
− ρj
2R2
∂
∂l
(
v2j,φR
2
)
+
ρj
2
∂
∂l
v2j +
∂
∂l
pj +
1
µ0
Bφ
R
∂
∂l
(Bj,φR) = 0. (3.48)
We seek to recast Eq. (3.48) in the form ∂∂l (· · · ) = 0, and so generate a poloidal flux
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function. The first term in Eq. (3.48) can be simplified to
− ρj
2R2
∂
∂l
(
v2j,φR
2
)
= −ρjvj,φ
R
∂
∂l
(vj,φR) . (3.49)
Making use of the definition of fj(Ψ) in Eq. (3.40) on page 23 to expand the last term in
Eq. (3.48) gives
1
µ0
Bφ
R
∂
∂l
(Bj,φR) =
Bφ
R
ζ ′j
∂
∂l
(vj,φR) , (3.50)
where the identities ∂∂l fj(Ψ) = 0 and
∂
∂l (ζ
′
j(Ψ)) = 0 have been applied. Adding Eq. (3.49)
and Eq. (3.50) gives, after some minor manipulation,
− ρj
2R2
∂
∂l
(
v2j,φR
2
)
+
1
µ0
Bφ
R
∂
∂l
(Bj,φR) = −ρj ∂
∂l
(Ωj(Ψ)vj,φR) . (3.51)
Further progress requires an equation of state to be specified in order to write the third
term of Eq. (3.48) in the form ρj ∂∂l (· · · ). In this work, it is assumed that the plasma is
highly collisional, specifically that it has a high rate of intra-fluid collisions. As a result, the
velocity distribution at each point in the plasma will be locally-Maxwellian. This means
that at each point in the plasma, a temperature can be well-defined. The importance of
this assumption was discussed in more detail in §2.3.
As a consequence of this assumption, each fluid is described by the ideal MHD adiabatic
equation. In steady-state, this is
vj · ∇
(
pj
ρ
γj
j
)
= 0, (3.52)
where γj is the ratio of specific heats. This equation is a statement of conservation of
entropy in the fluid’s frame.
Applying the expansion of ρjvj in Eq. (3.18) on page 20 to Eq. (3.52), another flux
function is obtained,
σj(ζj) =
pj
ρ
γj
j
. (3.53)
Noting that ζj is a function of Ψ, the above equation is more usefully written as
σj(Ψ) =
pj
ρ
γj
j
. (3.54)
This equation can be used to write the third term in Eq. (3.48) in the form ρj ∂∂l (· · · ),
∂
∂l
pj = ρj
∂
∂l
(
γj
γj − 1σj(Ψ)ρ
γj−1
j
)
. (3.55)
Substituting Eq. (3.51) and Eq. (3.55) into Eq. (3.48) yields an equation that can be
written in the desired form ∂∂l (· · · ) = 0,
ρj
∂
∂l
(
1
2
v2j +
γj
γj − 1σj(Ψ)ρ
γj−1
j − Ωj(Ψ)vj,φR
)
= 0. (3.56)
Remembering that l is defined as the length along surfaces of constant Ψ, the function
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inside the parentheses in this equation must be purely a function of the poloidal flux Ψ,
Hj(Ψ) =
1
2
v2j +
γj
γj − 1σj(Ψ)ρ
γj−1
j − Ωj(Ψ)vj,φR. (3.57)
This is a generalised Bernoulli equation for each fluid in the plasma. It describes the
relationship between vj , pressure and rotational potential energy Ωjvj,φR on each flux
surface in the plasma.
3.6 The Generalised Grad-Shafranov Equation
Two flux functions have now been derived from the fluid force-balance equation (Eq. (3.15)
on page 20). A generalised toroidal flux function fj(Ψ) in Eq. (3.40), was obtained by
taking the toroidal component of the force-balance equation. The Bernoulli equation,
Hj(Ψ) in Eq. (3.57) was derived by taking the component of the force-balance equation
parallel to the magnetic field in the poloidal direction, i.e. along surfaces of constant Ψ.
A third equation can be derived from the force-balance equation, and that is the
multi-fluid flow-modified generalisation of the Grad-Shafranov equation. This equation is
obtained by taking the remaining component of the force-balance equation, that is, the
component parallel to ∇Ψ.
Making use of the product rule,
∇ · (fA) = f (∇ ·A) +A · (∇f) , (3.58)
the following identity is obtained
∇ ·
(
1
ρj
ζ ′2j
1
R2
∇Ψ
)
= ζ ′j∇ ·
(
ζ ′j
ρj
1
R2
∇Ψ
)
+
ζ ′jζ
′′
j
ρjR2
|∇Ψ|2 . (3.59)
Substituting this equation into the poloidal component of the force-balance equa-
tion, Eq. (3.44) on page 24, gives
∇ ·
[
1
R2
(
1
µ0
∇Ψj − 1
ρj
ζ ′2j ∇Ψ
)]
∇Ψ+ ζ
′
jζ
′′
j
ρjR2
|∇Ψ|2∇Ψ
− ρj
2R2
∇ (v2j,φR2)+ ρj2 ∇v2j +∇pj + 1µ0 BφR ∇ (Bj,φR) = 0.
(3.60)
The aim now is to make use of all the flux functions obtained so far to reduce Eq. (3.60)
to one partial differential equation in two spatial dimensions. Making use of the Bernoulli
equation, Eq. (3.57), the fourth term in Eq. (3.60) can be written as
ρj∇12v
2
j =ρjH
′
j∇Ψ+ ρjΩ′jvj,φR∇Ψ+ ρjΩj∇ (vj,φR)
− γj
γj − 1ρ
γj
j σ
′
j∇Ψ− γjργj−1j σj∇ρj .
(3.61)
Using the equation of state, Eq. (3.54) on the previous page, the fifth term in Eq. (3.60)
gives
∇pj = σ′jργjj ∇Ψ+ σjγjργj−1j ∇ρj . (3.62)
Substituting the definition of fj(Ψ), Eq. (3.40) on page 23, into the last term in Eq. (3.60)
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yields
1
µ0
Bφ
R
∇ (Bj,φR) = Bφ
R
[
1
µ0
f ′j∇Ψ+ ζ ′j∇ (vj,φR) + vj,φRζ ′′j∇Ψ
]
. (3.63)
Substituting Eq. (3.61), Eq. (3.62), Eq. (3.63), and the definition of Ωj in Eq. (3.24) on
page 21 into Eq. (3.60) yields after some algebra,
1
µ0
∇ ·
[
1
R2
(
∇Ψj − µ0 1
ρj
ζ ′2j ∇Ψ
)]
=− ρjH ′j − ρjR2ΩjΩ′j −BφR
(
1
µ0
f ′j
R2
+Ω′jζ
′′
j
)
+
ρ
γj
j
γj − 1σ
′
j −
1
R2
ζ ′jζ
′′
j
ρj
[
|∇Ψ|2 + (BφR)2
]
,
(3.64)
where BφR is given as a function of (Ψ, {ρj}, R) in Eq. (3.43) on page 24.
This equation is a per-fluid flow-modified Grad-Shafranov equation describing the equi-
librium of a multi-fluid plasma in terms of the fluid mass-density, ρj , and the fluid’s poloidal
magnetic flux, Ψj . For an n-fluid plasma, Eq. (3.64) is a set of n coupled two-dimensional
second-order partial differential equations for the poloidal magnetic flux, Ψj , in terms of
the fluid densities, ρj , and the five flux functions ζj(Ψ), Hj(Ψ), Ωj(Ψ), fj(Ψ) and σj(Ψ).
Eq. (3.64) is not a closed system and will need to be solved simultaneously with the n
Bernoulli equations which can be written in the following convenient form:
Hj(Ψ) =
1
2
(
ζ ′j
ρjR
)2 [
|∇Ψ|2 + (BφR)2
]
+
γj
γj − 1σjρ
γj−1
j −
1
2
(RΩj)
2 , (3.65)
where again, BφR is given in Eq. (3.43). These n algebraic equations can be solved
simultaneously with the n Grad-Shafranov PDE’s to complete the system.
If we limit ourselves to only considering the total poloidal flux, and not the flux due
to each fluid (i.e. if we’re only interested in the total toroidal current, and not the details
of the contributions from each fluid), the system can be reduced further. To achieve this,
Eq. (3.64) is summed over the n fluids,
1
µ0
∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =−∑
j
ρjH
′
j −R2
∑
j
ρjΩjΩ′j
−BφR
 1
µ0
f ′
R2
+
∑
j
Ω′jζ
′′
j

+
∑
j
ρ
γj
j
γj − 1σ
′
j −
∑
j
1
R2
ζ ′jζ
′′
j
ρj
[
|∇Ψ|2 + (BφR)2
]
,
(3.66)
where Eq. (3.32) and Eq. (3.42) have been used to simplify some terms. This system of
equations is much simpler to solve than Eq. (3.64); instead of solving for the n variables
Ψj with n non-linear partial differential equations, only the total poloidal flux, Ψ, needs
to be solved for with only a single non-linear partial differential equation. This system has
a significantly reduced computational complexity compared to the system of equations at
the start of this chapter.
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3.7 Reductions to Previous Results
In this section, we compare our Bernoulli equation, Eq. (3.65), and modified Grad-
Shafranov equation, Eq. (3.66) to previous results.
3.7.1 Reduction to Guazzotto et al. [5]
The paper by Guazzotto et al. describes a single-fluid plasma equilibrium solver, FLOW.
Their solver works by an iterative process whereby it swaps back and forth between solving
the Bernoulli equation and the Grad-Shafranov equation. This is known as current-field
iteration.
Their Bernoulli equation can be obtained by combining Eq. (16) and Eq. (17) in [5].
Written in the notation of this work1, their Bernoulli equation is
H(Ψ) =
1
2
(
ζ ′(Ψ)
ρ
|B|
)2
+
γ
γ − 1σ(Ψ)ρ
γ−1 − 1
2
(RΩ(Ψ))2 . (3.67)
Using the definition of Ψ in Eq. (3.17) on page 20 to replace the
[
|∇Ψ|2 + (BφR)2
]
term
in Eq. (3.65) yields
Hj(Ψ) =
1
2
(
ζ ′j(Ψ)
ρj
|B|
)2
+
γj
γj − 1σj(Ψ)ρ
γj−1
j −
1
2
(RΩj(Ψ))
2 . (3.68)
Clearly in the single-fluid limit where the j subscripts are dropped, Eq. (3.68) and
Eq. (3.67) are equivalent.
In Guazzotto et al. [5], the Grad-Shafranov equation (Eq. (19a) of [5]) reads (when
written in the notation of this work, using the transformation in footnote 1)
1
µ0
∇ ·
[(
1− µ0 ζ
′2
ρ
) ∇Ψ
R2
]
=− ρH ′ − ρvφRΩ′ + ρ
γ
γ − 1σ
′
− 1
µ0
Bφ
R
f ′ −B · vζ ′′.
(3.69)
The multi-fluid Grad-Shafranov equation derived in Eq. (3.66) on the preceding page can
be written in a similar form,
1
µ0
∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =−∑
j
ρjH
′
j −
∑
j
ρjvj,φRΩ′j +
∑
j
ρ
γj
j
γj − 1σ
′
j
− 1
µ0
Bφ
R
f ′ −B ·
∑
j
vjζ ′′j .
(3.70)
Once more, in the single-fluid limit where the j subscripts are dropped and the sums
disappear, Eq. (3.70) reduces to Eq. (3.69).
1The transformation used is: Φ(Ψ) 7→ √µ0ζ′(Ψ), S(Ψ) 7→ σ(Ψ), F (Ψ) 7→ f(Ψ). Note that Eq. (15) in
[5] has an incorrect sign in the numerator, and Eq. (19a) in [5] is missing a factor of 1
µ0
on the LHS, and
in the first term of the RHS.
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3.7.2 Reduction to McClements and Thyagaraja [47]
The working of McClements and Thyagaraja helped guide this analysis, so it is not unsur-
prising that there are similarities between the method used here and that in McClements
and Thyagaraja [47]. However, there are some superficial differences due to a different
choice of units and differing notations for some flux functions.
In McClements and Thyagaraja [47], the the effects due to gravitation (from the plasma
itself, and external sources) are included, an effect ignored in this thesis. This difference
is only apparent in their Bernoulli equation, (Eq. (31) of [47]). Written in the notation of
this thesis2, their Bernoulli equation is
H(Ψ) =
1
2
v2 + V +
γ
γ − 1σ(Ψ)ρ
γ−1 − Ω(Ψ)Rvφ, (3.71)
where V is the gravitational potential. The equivalent equation in this work is Eq. (3.57)
on page 26,
Hj(Ψ) =
1
2
v2j +
γj
γj − 1σj(Ψ)ρ
γj−1
j − Ωj(Ψ)vj,φR. (3.72)
This equation reduces identically to Eq. (3.71) in the single-fluid negligible-gravity limit
where the j subscripts are dropped, and the gravitational potential in Eq. (3.71) is ne-
glected.
The modified Grad-Shafranov equation obtained by McClements and Thyagaraja
(Eq. (33) in [47]) written in the notation of this thesis (using the transformation in foot-
note 2) is
1
µ0
∂
∂Z
[(
1− µ0 ζ
′2
ρ
)
∂Ψ
∂Z
]
+
1
µ0
R
∂
∂R
[(
1− µ0 ζ
′2
ρ
)
1
R
∂Ψ
∂R
]
+
ζ ′ζ ′′
ρ
[(
∂Ψ
∂R
)2
+
(
∂Ψ
∂Z
)2]
+ ρR2H ′ + ρR2Ω′Rvφ
−R
2σ′
γ − 1ρ
γ +
1
µ0
BφRf
′ + (BφR) (vφR) ζ ′′ = 0.
(3.73)
This equation can be rewritten using the divergence and gradient operators as
1
µ0
R2∇ ·
[(
1− µ0 ζ
′2
ρ
) ∇Ψ
R2
]
=− ζ ′ζ ′′ |∇Ψ|
2
ρ
− ρR2H ′ − ρR2Ω′Rvφ
+
R2σ′
γ − 1ρ
γ − 1
µ0
BφRf
′ − (BφR) (vφR) ζ ′′.
(3.74)
The Grad-Shafranov equation obtained in Eq. (3.70) on the facing page can be written in
2The transformation used is F (Ψ) 7→ ζ(Ψ), Λ(Ψ) 7→ − 1
4pi
f(Ψ). Additionally, CGS units are transformed
into SI units.
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a similar form to Eq. (3.74) by multiplying by R2 and expanding the B · vj term,
1
µ0
R2∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =− |∇Ψ|2∑
j
1
ρj
ζ ′jζ
′′
j −
∑
j
ρjR
2H ′j
−
∑
j
ρjvj,φRΩ′jR
2 +
∑
j
R2
ρ
γj
j
γj − 1σ
′
j
− 1
µ0
BφRf
′ −BφR
∑
j
vj,φRζ
′′
j .
(3.75)
Dropping all the j subscripts and sums in Eq. (3.75), this equation reduces exactly to
Eq. (3.74).
3.8 Summary of the Derivation
In this chapter, a set of equations have been derived to model the behaviour of a plasma.
In particular, the model has been developed with the aim of modelling plasmas for which
a temperature cannot be defined at each point in the plasma. The solution to this problem
has been to decompose the plasma into multiple fluids, each with a well-defined temper-
ature at each point in the plasma. This solution is represented by one non-linear partial
differential equation, two algebraic equations and several freely-specifiable flux functions.
The equations are: the equation for the toroidal component of the magnetic field, Eq. (3.43)
on page 24,
BφR =
f(Ψ) + µ0
∑
j R
2ζ ′j(Ψ)Ωj(Ψ)
1− µ0
∑
j
1
ρj
ζ ′2j (Ψ)
, (3.76)
the Bernoulli equation for each fluid, Eq. (3.68) on page 28,
Hj(Ψ) =
1
2
(
ζ ′j
ρjR
)2 [
|∇Ψ|2 + (BφR)2
]
+
γj
γj − 1σjρ
γj−1
j −
1
2
(RΩj)
2 , (3.77)
and the modified Grad-Shafranov equation, Eq. (3.66) on page 27,
1
µ0
∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =−∑
j
ρjH
′
j −R2
∑
j
ρjΩjΩ′j
−BφR
 1
µ0
f ′
R2
+
∑
j
Ω′jζ
′′
j

+
∑
j
ρ
γj
j
γj − 1σ
′
j −
∑
j
1
R2
ζ ′jζ
′′
j
ρj
[
|∇Ψ|2 + (BφR)2
]
.
(3.78)
The flux functions that need to be specified are: ζj(Ψ) defined in Eq. (3.22) on page 21,
Ωj(Ψ) defined in Eq. (3.24) on page 21, f(Ψ) defined in Eq. (3.42) on page 24 and Hj(Ψ),
the Bernoulli function.
Chapter 4
Calculating Solutions of the Multi-fluid
Grad-Shafranov Equation
The system of equations obtained in the previous section (Eq. (3.76) to Eq. (6.3) on
pages 30–69) is comprised of two algebraic equations and an elliptic partial differential
equation. A numerical code for solving this system of equations is implemented as a
modification of teh single-fluid code FLOW [5]. In Section 4.1, the numerical techniques
used by FLOW to find solutions to this system are described. Section 4.2 details the
mechanics of the code FLOW [5] upon which this analysis is built. Section 4.3 then
describes the modifications to FLOW that were necessary to solve the system of equations
obtained in Chapter 3. Section 4.4 proceeds to give a parameterisation of four of the
flux functions in terms of more intuitive functions. Next, Section 4.5 investigates some
transformations of the multi-fluid system of equations. Finally, in Sections 4.6 and 4.7, the
modified FLOW code is benchmarked against other results to validate the results given
by the modified FLOW code.
4.1 Numerical Methods for Solving PDE’s
Not every partial differential equation (PDE) can be solved exactly. Usually, approximate
solutions to these PDE’s can be obtained in some limit. With the advent of computers,
it has become feasible to calculate the solutions to arbitrary PDE’s to a resolution lim-
ited only by the computational power and memory available. However, as both of these
resources are finite, the domain over which the PDE is to be solved must be discretised.
One common method for doing this is the finite-difference approximation.
In the finite-difference approximation, the domain is represented by a grid of points
and the solution to the PDE is calculated (to a finite resolution) at each of these points.
For example, for a PDE for a function u(x, y), an (N+1)×(M+1) grid can be constructed
by restricting the variables x and y to:
xi =x0 + i∆x i ∈{0, 1, 2, . . . N} (4.1)
yj =y0 + j∆y j ∈{0, 1, 2, . . .M} . (4.2)
4.1.1 Finite-difference Approximation
Once a discretisation is performed, a method is needed for approximating the derivative
terms in the PDE. In the finite-difference approximation, partial derivatives are approx-
imated by calculating the gradient between the values of the function at nearby points.
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For example, first order derivatives can be approximated using a forward difference,
∂f(x, y)
∂x
≈ f(x+∆x, y)− f(x, y)
∆x
+O(∆x), (4.3)
a backward difference,
∂f(x, y)
∂x
≈ f(x, y)− f(x−∆x, y)
∆x
+O(∆x), (4.4)
or a centred difference,
∂f(x, y)
∂x
≈ f(x+∆x, y)− f(x−∆x, y)
2∆x
+O(∆x)2. (4.5)
The centred difference is used whenever possible as it has the greatest accuracy, but when
f(x+∆x, y) or f(x−∆x, y) are unknown (for example, at the boundary of the domain),
reverse or forward differences are used respectively.
Second order derivatives can be approximated similarly by a second-order centred
difference,
∂2f(x, y)
∂x2
≈ f(x+∆x, y)− 2f(x, y) + f(x−∆x, y)
(∆x)2
+O(∆x)2. (4.6)
To give a concrete example, Laplace’s equation (∇2u = 0) in two dimensions can be
discretised under the finite-difference approximation as
∇2u ≈ ui+1,j − 2ui,j + ui−1,j
(∆x)2
+
ui,j+1 − 2ui,j + ui,j−1
(∆y)2
= 0. (4.7)
If the grid is chosen such that ∆x = ∆y, then Eq. (4.7) can be rewritten to give
ui,j =
1
4
(ui+1,j + ui,j+1 + ui−1,j + ui,j−1) . (4.8)
This equation represents a system of (N − 1) × (M − 1) algebraic equations where the
value of the solution at any given point depends directly upon its nearest-neighbours, and
through them, upon the rest of the grid. This system of equations can be solved when
a boundary condition is specified. For the Laplace equation, this system of equations is
linear. For more general PDE’s the system of equations will be non-linear.
Solving the system of equations represented by Eq. (4.8) (or its equivalent for another
PDE) presents two challenges. The first is that for a large or non-linear system, Eq. (4.8)
will need to be solved through an iterative process. One method for doing this is called the
Gauss-Seidel (or Newton-Gauss-Seidel) method [48, p. 864] (discussed in §4.1.2), which
can be optimised through the use of the Red-Black ordering [49] as discussed in §4.1.3.
The second, more significant problem is that because each point is only directly coupled
to its nearest-neighbours, it will take many iterations for changes to propagate across the
entire grid. This problem can also be stated in terms of a Fourier decomposition: the
short-wavelength components of the solution will converge much more rapidly than the
long-wavelength components. One mechanism for dealing with this problem is known as
the multigrid method, and is discussed in §4.1.4.
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4.1.2 Newton-Gauss-Seidel Method
The Newton-Gauss-Seidel method is a method for iteratively solving a discretised form
of a differential equation. This method can be demonstrated by examining the following
general form for a discretised single-variable two-dimensional PDE:
αui,j + β = 0, (4.9)
where α and β may depend on the nearest-neighbour values, and possibly ui,j itself if the
PDE is non-linear. During Newton-Gauss-Seidel iteration, each new solution is calculated
using the residue of the above equation,
∆ = αui,j + β (4.10)
0 = α
(
ui,j − ∆
α
)
+ β (4.11)
=⇒ u′i,j = ui,j −
∆
α
, (4.12)
where u′i,j is the new solution. The term ∆/α can be thought of as the correction to the
previous solution.
The convergence rate of this process (i.e. the rate at which ∆ → 0) is not always
optimal, and can be improved through the use of an over-relaxation parameter. When
using an over-relaxation parameter, a multiple of the correction to the solution (∆/α)
other than 1 is used, i.e.
u′i,j = ui,j − ω
∆
α
, (4.13)
where ω is the over-relaxation parameter. For certain values of the over-relaxation param-
eter, the rate of convergence for the above iterative scheme can be enhanced compared to
when ω = 1. The over-relaxation parameter typically takes values in the range 0 ≤ ω ≤ 2,
although ‘good’ values are problem-dependent and must be determined through numerical
experimentation.
4.1.3 Red-Black Ordering
The Newton-Gauss-Seidel method can be made to converge faster if the new solution u′i,j
is used instead of the old one to calculate α and β in Eq. (4.9), where u′i,j has already been
calculated. One method of doing this is known as Red-Black ordering. In this method,
each point is given a colour, either red or black (see Figure 4.1) such that if a given point
is red, all its nearest-neighbours will be black, and vice versa. In an iterative scheme such
as the one given in Eq. (4.8) on the facing page, the value of the new solution at each
point can only depend upon the value at its nearest-neighbours, and possibly also its old
solution. Thus in Figure 4.1, in each iteration, the value at each red point at the next
iteration will depend only on the value at neighbouring black points and itself, and vice
versa. The solution is then calculated through the following iterative method: the solution
is calculated at all of the red points using the values at the black points, and then the
solution is calculated at all of the black points using the values at the red points. This
process is repeated until convergence is achieved.
One of the advantages of the Red-Black ordering over other orderings that could be
used is that the value of the solution at the next iteration at each black point is completely
independent of all other black points, and similarly for the red points. This enables
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Figure 4.1: Red-Black iteration. The values at the black dots are calculated using the values at
the red dots, and vice versa.
each half of the calculation to be completed in parallel, making the best use of available
computational resources. In addition to the slower rate of convergence, the Newton-Gauss-
Seidel method has another disadvantage — it requires both the old and new solutions to
be kept in memory. The Red-Black and other orderings only require a single solution to
be kept in memory, reducing the memory requirements of solving the problem by half.
4.1.4 Multigrid Method
Another mechanism to increase the convergence rate for iterative schemes is to use the
multigrid method. The multigrid method is designed to solve the problem where the long-
wavelength components of a solution converge much slower than the short-wavelength
components. To resolve this problem, the PDE is solved numerically over a number of
different grids of varying resolution, typically working from a coarse grid to a finer one
(see Figure 4.2). Once the solution is found on one grid, the solution is then refined to be
used as the initial guess for the next grid. In this way, the long-wavelength components of
the solution can be made to converge quickly on the coarser grids, so that when the finer
grids are reached it is only the short-wavelength components of the solution that need to
converge.
Figure 4.2: Example of the multigrid method. Beginning initially on a coarse 3 × 3 grid, the
problem is solved on the red dots before the grid is refined by the addition of the blue dots to
create a 5× 5 grid. Once the problem is then solved on this intermediate grid, the grid is refined
by the addition of the yellow dots to create a 9× 9 grid upon which the problem is solved again.
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4.2 The FLOW Code
The code FLOW [5] was developed to investigate plasma equilibria with arbitrary poloidal
and toroidal flows in small aspect ratio1 tokamak devices, specifically the National Spheri-
cal Torus Experiment (NSTX). The code can be equally well applied to the Mega-Ampe`re
Spherical Tokamak (MAST), or other tokamak devices. FLOW was specifically designed
to handle equilibria where the poloidal flow speed varies from below the poloidal sound
speed to above it. Betti and Freidberg [50] predicted that due to transient shocks, plasma
equilibria with such transonic poloidal flow would have discontinuities in their density,
pressure and velocity profiles at the surface where the transition from subsonic to super-
sonic poloidal flow occurs. Modelling this type of effect poses some numerical challenges
due to the difficulty in approximating derivatives close to the surface, and possible nu-
merical instabilities. FLOW was written with the capability of modelling this type of
effect.
It was decided to base the present work on the FLOW code due to its ability to model
this type of effect in a plasma with arbitrary flow. Other codes such as CLIO [42] and
CHEASE [51] were not appropriate as they do not consider the effect of poloidal flow.
The code FINESSE [46] is similar to FLOW in that it considers the effect of both poloidal
and toroidal flow, though it uses the finite element method [52] to solve the system of
equations. The present work could also have been based on FINESSE, however FINESSE
is not capable of modelling equilibria with transonic poloidal flows. Because the aim of
this work is to consider the effect of a high-velocity ion species (arising for example, from
a neutral-beam heated plasma) it would be useful for the model to have the capability to
consider effects due to transonic poloidal flow.
The FLOW code is a finite-difference multi-grid solver that solves the plasma equilib-
rium with one of two different equations of state. One of these is considered in this work:
the adiabatic equation of state (Eq. (3.52) on page 25). For this equation of state, FLOW
solves the following system of equations: an equation for the toroidal component of the
magnetic field,
BφR =
f(Ψ) + µ0R2ζ ′(Ψ)Ω(Ψ)
1− µ0 1ρζ ′2(Ψ)
, (4.14)
the Bernoulli equation,
H(Ψ) =
1
2
(
ζ ′(Ψ)
ρR
|B|
)2
+
γ
γ − 1σ(Ψ)ρ
γ−1 − 1
2
(RΩ(Ψ))2 , (4.15)
and the Grad-Shafranov equation,
1
µ0
∇ ·
[(
1− µ0 ζ
′2
ρ
) ∇Ψ
R2
]
=− ρH ′(Ψ)− ρvφRΩ′(Ψ) + ρ
γ
γ − 1σ
′(Ψ)
− 1
µ0
Bφ
R
f ′(Ψ)−B · vζ ′′(Ψ).
(4.16)
The system of equations is completed with appropriate boundary conditions. The
boundary of the plasma is described by the last closed flux surface, which separates the
confined plasma and vacuum regions. Outside the last closed flux surface, magnetic field
lines eventually strike a conductor. The fluid density along such field lines is hence zero,
1The aspect ratio is defined as ratio of the major radius R to the minor radius a, as shown in Figure 2.1
on page 7.
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i.e. a vacuum. Consequently, the boundary condition for this problem is Ψ equal to some
constant on the plasma boundary. In FLOW, this constant is set to zero for convenience.
The shape of the boundary used in FLOW can be specified arbitrarily.
4.2.1 Overview of the Structure of FLOW
An overview of the workings of FLOW is given in Figure 4.3 on the next page. The only
essential difference between the FLOW code and the methods discussed in 4.1 is that in
addition to solving a PDE (the Grad-Shafranov equation), FLOW also simultaneously
solves the non-linear Bernoulli equation for ρ, which will be discussed further in §4.2.2.
After reading the input files, the code begins looping over the different grids used in the
multigrid method in the function mgrid(). These grids are of the form (2n+1)× (2n+1)
(see Figure 4.2) where n increases by one on each finer grid. This is done so that refinement
from one grid to the next only requires averaging neighbouring grid points. Before solving
the system on the coarsest grid, an initial guess is constructed to seed the solver, then the
system of equations is solved on each grid by ngs solve().
The Bernoulli and Grad-Shafranov equations are repeatedly solved on each grid until
the solution converges. In FLOW, convergence is defined in terms of the residue of the
Grad-Shafranov equation,
∆i,j =∇ ·
[(
1− µ0 ζ
′2
ρ
) ∇Ψi,j
R2
]
+ µ0ρH ′(Ψi,j) + µ0ρvφRΩ′(Ψi,j)
− µ0 ρ
γ
γ − 1σ
′(Ψi,j) +
Bφ
R
f ′(Ψi,j) + µ0B · vζ ′′(Ψi,j),
(4.17)
where Ψi,j is the value of Ψ at the (i, j) grid point, and ∆i,j is the residue. A solution is
defined as having converged when ∑
i,j
|∆i,j | < , (4.18)
for some  defined as a fraction of the total residue after the first iteration on a grid.
For each grid, the following method is iterated until convergence is achieved:
1. Solve the Bernoulli equation (Eq. (4.15) on the preceding page) for ρ,
2. Calculate Bφ (Eq. (4.14) on the previous page), and
3. Complete one Red-Black calculation for the Grad-Shafranov equation (Eq. (4.16) on
the preceding page) to solve for Ψ.
An example of the output of FLOW is shown in Figure 4.4 for a NSTX-like device.
4.2.2 Solving the Bernoulli Equation
The plasma mass-density, ρ, is obtained by solving the Bernoulli equation, Eq. (4.15) on
the previous page. However, because the equation is non-linear in ρ, we are not guaranteed
that a solution will exist, and if it does, that it is unique. To investigate solutions to the
Bernoulli equation, Eq. (4.15) is rearranged to have the non-ρ dependent terms on the left
hand side,
H(Ψ) +
1
2
(RΩ(Ψ))2 =
1
2
(
ζ ′(Ψ)
ρR
|B|
)2
+
γ
γ − 1σ(Ψ)ρ
γ−1. (4.19)
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ngs_solve()
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update_rho()
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GS equation
Correct Ψ
Loop over 2D grid
Loop until convergence
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update_rho()
bc_psi_rho0()
End loop until 
convergence
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Read Input
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Figure 4.3: Code flow diagram for the unmodified FLOW
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Figure 4.4: Selected quantities from an example single-fluid calculation from the FLOW code
are shown. The plasma boundary used is that of the MAST experiment. In (a), a contour plot of
the poloidal magnetic flux in the (R,Z) plane is shown. Plots (b)–(d) show cross-sections through
the Z = 0 mid-plane of (b) the poloidal magnetic flux, (c) the fluid pressure, and (d) the toroidal
velocity of the plasma.
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Solutions to the Bernoulli equation can be investigated graphically by plotting the
various terms of Eq. (4.19), as shown in Figure 4.5. Because the shape of the graph is
independent of the coefficients of the powers of ρ in Eq. (4.19), there will always be either
0, 1 or 2 positive solutions to the Bernoulli equation. If there are zero solutions, then an
equilibrium state does not exist, and so the plasma must evolve. If there are two solutions,
the physically relevant solution must be chosen. For the most part, this will be the higher-
density solution, because in the limit of zero poloidal flow, ζ ′(Ψ) → 0, the first term on
the left hand side of Eq. (4.19) will go to zero, and only the higher-density solution will
remain. The lower-density solution only becomes physically relevant if there is a point
in the plasma where the two solutions to the Bernoulli equation become degenerate; this
point corresponds to a transition from subsonic to supersonic poloidal flow [50]. The flux
surfaces on one side of this point will have subsonic poloidal flow, while those on the other
side will have supersonic poloidal flow. The physically relevant solution for the subsonic
side will still be the higher-density solution, but the physically relevant solution for the
supersonic side will be the lower-density solution.
0 0.2 0.4 0.6 0.8 1
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
0.04
!
[a
rb
it
ra
ry
 u
n
it
s
]
Figure 4.5: Graphically solving the Bernoulli equation (Eq. (4.19)) for the mass-density ρ. The
green dashed line isH(Ψ)+ 12 (RΩ(Ψ))
2, the red line is 12
(
ζ′(Ψ)
ρR |B|
)2
, the blue line is γγ−1σ(Ψ)ρ
γ−1.
The black line is the sum of the red and blue lines. Hence, solutions to the Bernoulli equation
occur where the black line intersects with the green one. Note that the mass-density is normalised
to 1 in this plot.
4.3 Structural Changes Required in FLOW
The system of equations under investigation in this work is very similar to those solved
by the original FLOW code (Eq. (4.14) to Eq. (4.16) on page 35). Rewriting to highlight
the similarities to the equations used in the original FLOW code, our system of equations
is: an equation for the toroidal component of the magnetic field (Eq. (3.77) on page 30),
BφR =
f(Ψ) + µ0
∑
j R
2ζ ′j(Ψ)Ωj(Ψ)
1− µ0
∑
j
1
ρj
ζ ′2j (Ψ)
, (4.20)
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the Bernoulli equation (Eq. (3.68) on page 28),
Hj(Ψ) =
1
2
(
ζ ′j(Ψ)
ρj
|B|
)2
+
γj
γj − 1σj(Ψ)ρ
γj−1
j −
1
2
(RΩj(Ψ))
2 , (4.21)
and the Grad-Shafranov equation (Eq. (3.70) on page 28),
1
µ0
∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =−∑
j
ρjH
′
j −
∑
j
ρjvj,φRΩ′j +
∑
j
ρ
γj
j
γj − 1σ
′
j
− 1
µ0
Bφ
R
f ′ −B ·
∑
j
vjζ ′′j .
(4.22)
As can be seen, the systems of equations are very similar, and only minor structural
changes were required to FLOW to solve this system. Specifically, instead of solving the
Bernoulli equation once per grid point, it must be solved once for each fluid at each grid
point. Additionally, the different summed quantities needed to be calculated to determine
the residue of the Grad-Shafranov equation. These differences are illustrated in Figure 4.6
on the facing page.
Although only minor structural changes were necessary, larger technical changes were
required to enable FLOW to support the multiple fluids and the additional parameters,
inputs and outputs for each fluid.
An example multi-fluid solution from the modified FLOW code is shown in Figure 4.7.
4.4 Parameterising the Solution
The system of equations solved by FLOW includes a number of freely specifiable flux
functions: ζj(Ψ), Ωj(Ψ), σj(Ψ), Hj(Ψ) and f(Ψ). As most of these functions do not
correspond naturally to physical quantities, it is not clear how to specify these functions.
The approach taken in FLOW (following [50]) is to define a new series of functions that
correspond to physical variables in the limit of zero mean fluid velocity and infinite as-
pect ratio. In this way, physical intuition can be brought to bear when specifying these
quasi-physical variables. The quasi-variables and their meanings are shown in Table 4.1;
these include mass-density, pressure, and the toroidal component of the magnetic field.
Additionally, two variables are used to define the toroidal and poloidal flow of the plasma.
The poloidal mach number Mj,θ(Ψ) is defined by
Mj,θ(Ψ) =
|vpoloidal|
cj,sound,poloidal
, (4.23)
where cj,sound,poloidal is the poloidal sound speed for the jth fluid, which itself is given by
cj,sound,poloidal = cj,sound
|Bpoloidal|
|B| =
√
γj
pj
ρj
|Bpoloidal|
|B| . (4.24)
The toroidal mach number Mj,φ(Ψ) is defined by
Mj,φ(Ψ) =Mj,θ(Ψ) +
vj,φ
cj,sound
=Mj,θ(Ψ) + vj,φ
√
ρj
γjpj
. (4.25)
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Figure 4.6: Structural changes in the function ngs solve() of FLOW. (a) Code flow diagram
for the original ngs solve(). (b) Code flow diagram for the modified ngs solve().
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Figure 4.7: Selected quantities from an example two-fluid calculation from the modified FLOW
code are shown. The plasma boundary is that of the MAST experiment. In (a), a contour plot of
the poloidal magnetic flux in the (R,Z) plane is shown. Plots (b)—(d) show cross-sections through
the Z = 0 mid-plane of (b) the poloidal magnetic flux, (c) the fluid pressure, and (d) the toroidal
velocity of the plasma.
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The definitions of the old flux functions in terms of the new ones are shown in Table 4.2.
Note that R0 is the location of the geometric axis, i.e. the centre of the plasma boundary.
Function Physical meaning
Dj(Ψ) Mass density
Pj(Ψ) Pressure
B0(Ψ) Toroidal component of the magnetic field
Mj,θ(Ψ) Poloidal sonic Mach number
Mj,φ(Ψ) Toroidal sonic Mach number
Table 4.1: Quasi-variables defined by FLOW
Function Definition
f(Ψ) R0B0(Ψ)
ζ ′j(Ψ)
√
γjPj(Ψ)Dj(Ψ)
Mj,θ(Ψ)
B0(Ψ)
Ωj(Ψ)
√
γj
Pj(Ψ)
Dj(Ψ)
Mj,φ(Ψ)−Mj,θ(Ψ)
R0
Hj(Ψ) γj
Pj(Ψ)
Dj(Ψ)
(
1
γj−1 +Mj,θ(Ψ)Mj,φ(Ψ)− 12M2j,φ(Ψ)
)
σj(Ψ)
Pj(Ψ)
[Dj(Ψ)]
γj
Table 4.2: Definitions of the old flux variables in terms of the new quasi-variables shown in
Table 4.1
These quasi-variables can be specified at runtime either through a function parameter-
isation or through numerical input as a function of Ψ/Ψmax where Ψmax is the maximum
value of Ψ.
4.5 Scaling Relationships
Scaling relationships are transformations that leave a system of equations unchanged.
These relationships can be used to apply one set of numerical results to a different situ-
ation, or (as is useful in numerical calculations) to normalise some quantities to 1 before
computation. Normalisation reduces the effect of round-off errors caused by some opera-
tions on very large or very small numbers. For example, round-off errors can be significant
when subtracting large numbers differing only by a small amount. Once the computation
is completed with the scaled input quantities, the output can be appropriately scaled to
give the correct results for the original input quantities.
The system of equations describing the plasma equilibrium (Eq. (4.20) to Eq. (4.22))
have two scaling relationships. If the transformed variables are marked by a tilde (˜), the
first scaling relationship can be written as:
Ωj → 1
kj
Ω˜j , Hj → 1
k2j
H˜j , ρj → k2j ρ˜j , ζj → kj ζ˜j ,
σj → 1
k
2γj
j
σ˜j , vj → 1
kj
v˜j , pj → p˜j ,
B→ B˜, f → f˜ , Ψ→ Ψ˜,
(4.26)
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where {kj} are a set of independent scaling constants. This scaling relationship can be
used to normalise the maximum mass-density for each fluid to 1. Because it is not possible
to specify the total plasma mass before the system of equations is solved, this scaling
relationship can be used to scale the solution to match a certain total plasma mass by
choosing appropriate values for the {kj}.
The second scaling relationship is:
Ωj → Ω˜j , Hj → H˜j , ρj → l2ρ˜j , ζj → l2ζ˜j ,
σj → 1
l2(γj−1)
σ˜j , vj → v˜j , pj → l2p˜j ,
B→ lB˜, f → lf˜ , Ψ→ lΨ˜,
(4.27)
where l is the second scaling constant. Because Ψ is not invariant under this transforma-
tion, this scaling relationship can only be applied when the functions f(Ψ), ζj(Ψ), Ωj(Ψ),
Hj(Ψ), and σj(Ψ) do not depend on the actual value of Ψ, but rather only on the fraction
Ψ/Ψmax. This is a restriction on the class of functions permissible for the flux functions,
but it is a sensible restriction: the order of magnitude of Ψ cannot be known before a calcu-
lation except from the results of a similar calculation, or an approximation. It makes sense
to parameterise the flux functions in terms of the normalised flux: Ψ/Ψmax. This scaling
relationship is not used in this work because the magnetic field of typical experimental
devices is of order 1 T, and so normalisation is unnecessary for the magnetic field, and
normalising another quantity would only come at the expense of the already normalised
magnetic field.
Scaling relationships can also be used to absorb constants into other variables. For
example, a transformation can be applied to enable the magnetic permeability µ0 = 4pi×
10−7 H.m−1 to be set to 1. The transformation that enables this is:
Ωj → Ω˜j , Hj → H˜j , ρj → 1
µ0
ρ˜j , ζj → 1
µ0
ζ˜j ,
σj → µγj−10 σ˜j , vj → v˜j , pj →
1
µ0
p˜j ,
B→ B˜, f → f˜ , Ψ→ Ψ˜.
(4.28)
Combining the three scaling relationships gives:
Ωj → 1
kj
Ω˜j , Hj → 1
k2j
H˜j , ρj →
k2j l
2
µ0
ρ˜j , ζj → kjl
2
µ0
ζ˜j ,
σj → µ
γj−1
0
k
2γj
j l
2(γj−1)
σ˜j , vj → 1
kj
v˜j , pj → l
2
µ0
p˜j ,
B→ lB˜, f → lf˜ , Ψ→ lΨ˜.
(4.29)
4.6 CHEASE [51] Benchmark
In this section, the results of the modified FLOW are compared against the code CHEASE.
The CHEASE code was designed for use in reconstructing plasma equilibria, and has been
used in the experiments JET, START, and MAST. For this comparison, the results from
the modified FLOW were compared against the CHEASE reconstructed equilibrium from
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MAST shot #7085 at 290ms. The input files for FLOW were obtained by transforming
the profiles for P (Ψ) and f(Ψ) from the inputs for CHEASE, and setting the variables
controlling the flow, Mj,φ(Ψ) and Mj,θ(Ψ) to zero because CHEASE does not consider the
effects of either toroidal or poloidal flow.
The boundary of the plasma is specified in terms of a Fourier decomposition R(θ) and
Z(θ). The fit used is shown in Figure 4.8(a). The results from FLOW were obtained with
a grid of 513× 513 points. A comparison of the results from FLOW against CHEASE are
shown in Figure 4.8.
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Figure 4.8: The results of the benchmark of the modified FLOW code against CHEASE. The size
of the final grid used in FLOW was 513× 513. (a) The boundaries used in FLOW and CHEASE.
The red line is the boundary used in FLOW, while the blue line is the boundary used by CHEASE,
and is mostly hidden by the red line. The Fourier decomposition of the boundary for FLOW is
indicated by the circle. Each of (b)–(d) plot a quantity and the discrepancy in this quantity
between the results of FLOW and CHEASE (calculated as FLOW − CHEASE). The quantity
itself is shown in left with its scale being shown on the left of each plot, whilst the discrepancy is
shown in red with its scale on the right of each plot. The quantities shown are (b) the poloidal
flux , Ψ, (c) the fluid pressure, and (d) the flux function f(Ψ) = BφR.
If the results from FLOW and CHEASE for any of the quantities in Figure 4.8 were
plotted on the same graph, the two lines would be indistinguishable. Consequently, in
Figure 4.8(b,c,d), the difference in the results of FLOW and CHEASE are plotted instead
of simply the results from both codes. Of the three plots Figure 4.8(b,c,d), the comparison
of Ψ is the most important as both p and BφR become flux functions in the limit of
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vanishing flow. For Ψ, the error is less than 1% (excluding a small region around the edge
of the plasma where Ψ is small), indicating excellent agreement between the results from
FLOW and CHEASE. The fluid pressure and BφR also show excellent agreement, having
errors less than 0.07% and 0.01% respectively.
Two-dimensional plots of the output of FLOW are shown in Figure 4.9 on the facing
page. Figure 4.9(d) shows that the most significant fractional errors in the solution are
just where they would be expected to be: at the edge of the plasma where Ψ is small.
4.7 Multi-fluid Benchmark
As there does not currently exist a code other than the modified form of FLOW that solves
the multi-fluid model described in this thesis, it is not possible to benchmark the multi-
fluid capability of this code against another. However, FLOW can be used to calculate
a multi-fluid equilibrium that analytically reduces to a single-fluid equilibrium, and then
these results can be compared. One way to do this is to decompose a fluid into a number
of fluids that together make up the original. The profiles of the input quantities for each
of these fluids will be the same, but will have different scaling factors. In this section,
we decompose the fluid into three separate fluids representing 20%, 30% and 50% of the
original fluid. Note that in the presence of flow, the process is not, in general, possible;
an arbitrary multi-fluid equilibrium cannot necessarily be reduced to a single-fluid one.
The input used for this comparison is the same as used in the previous section, however
with some poloidal and toroidal flow added to ensure that the multi-fluid results reduce to
the single-fluid results even in the presence of flow. The most obvious quantity to compare
between the single- and multi-fluid cases is the poloidal flux Ψ, as that is the quantity that
is directly solved. The results of the single-fluid and multi-fluid comparison are shown in
Figure 4.10.
The comparison between the results is most easily made by comparing the fractional
difference between the results shown in Figure 4.10(b) to the fractional correction to Ψ
that would be made in the next iteration shown in Figure 4.10(c). Because the scale
for these two figures are the same, it is clear that the fractional difference in the results
for Ψ is either of the same order of magnitude as the fractional correction to Ψ at the
next iteration, or significantly less (particularly at the edges). While one might have
expected the fractional difference to be of the order of the fractional correction, however
it is noted that the difference is significantly less than this at the edges. This is because
both calculations converged after the same number of iterations.
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Figure 4.9: Contour plots of selected results from FLOW corresponding to the equilibrium shown
in Figure 4.8. The results were computed on a grid of 513 × 513 points. On each plot, the black
line shows the boundary of the plasma. The contours shown are: (a) the poloidal flux, Ψ, (b) the
fluid pressure, (c) the residue of the Grad-Shafranov equation, ∆ (see Eq. (4.17) on page 36), and
(d) the correction to Ψ at the next iteration as a fraction of Ψ (see Eq. (4.12) on page 33). This
last plot gives an estimate of the fractional error in the solution to Ψ.
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Figure 4.10: The results of the multi-fluid benchmark of the modified FLOW code. In this plot,
∆Ψ = Ψsingle fluid − Ψthree fluids. The results were computed on a grid of 257 × 257 points. The
contour plots shown are: (a) the difference between Ψ for the single- and multi-fluid calculations,
(b) the difference shown in (a) as a fraction of Ψ, and (c) the correction to Ψ at the next iteration
(for the single-fluid calculation) as a fraction of Ψ (see Figure 4.9(d)).
Chapter 5
Numerical Scans
In this chapter, we investigate the effects of an energetic component of a plasma on its
equilibrium. This is done by considering a two-fluid plasma comprising a ‘background’
fluid having the greater mass, while the other fluid is the ‘energetic’ component, with
greater toroidal and poloidal velocity.
In the first set of parameter scans, the effect on the plasma equilibrium of the energetic
fluid will be investigated by adjusting the pressure and rotational flow of the energetic fluid,
while keeping the properties of the background fluid fixed. Different regimes are explored
by varying the magnitude of the appropriate quasi-variables subject to the constraint that
the total mass of each fluid remain fixed.
In the second set of parameter scans, the robustness of the equilibrium to variations
in the uncertainties in the profile information is explored. In modern fusion experiments
such as MAST & NSTX, the pressure, density and flow profiles are well resolved for the
‘background’ plasma, however this information is not as well known for the ‘energetic’
fluid. Additionally, although the total toroidal current can be measured accurately, the
current profile is not as well resolved.
5.1 Plasma Performance Measures
In the scans undertaken in this chapter, a range of plasma performance parameters are
employed to describe the changes to the plasma equilibrium. These include different
measures of plasma β, the Shafranov shift, and the safety factor. We describe each of
these in this section.
5.1.1 Plasma β
Arguably, the most important performance measure is the plasma β, which is a measure
of the efficiency of the confinement of the plasma pressure by the magnetic field [19, p
115]. At each point in the plasma, β is defined by
β =
p
|B|2 /(2µ0)
. (5.1)
Because β is a local quantity, in order to gauge the performance of the entire plasma, an
‘average’ β will be necessary. In experimental plasma physics, two such average β’s are
often quoted: the normalised-β, βN , and the poloidal-β, βpoloidal. In this chapter, both
are considered. We extend the definitions of these quantities to be defined for each fluid
individually, labelled by the usual subscript j.
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The normalised-β, βN , was devised as an average β whose value can be directly com-
pared between different tokamak experiments. The normalised-β is defined by
βj,N =
%βj
Iplasma/(aBφ,vacuum)
, (5.2)
where Iplasma is the total current flowing through the plasma toroidally, a is the minor
radius, Bφ,vacuum is the vacuum toroidal magnetic field at the geometric axis, and %βj is
defined by
%βj = 100
∫
pjdV/
∫
dV
(Bφ,vacuum)
2 /(2µ0)
. (5.3)
The poloidal-β, βpoloidal is a measure of the contribution of the toroidal magnetic field
contributes to confining the plasma pressure [19, p 116]. For βpoloidal > 1, the toroidal
magnetic field contributes to confining the plasma, however if βpoloidal < 1, the toroidal
magnetic field displaces some of the plasma pressure. The poloidal β, is defined by
βj,poloidal =
∫
pjdS/
∫
dS
B2a/(2µ0)
, (5.4)
where Ba is
Ba =
µ0Iplasma
l
, (5.5)
where l is the perimeter of the plasma cross-section.
Apart from constants, there are only two differences between βj,N and βj,poloidal: βj,N
is proportional to 1/Iplasma and involves the volume-averaged pressure, while βj,poloidal
is proportional to 1/(Iplasma)2 and involves the cross-section-averaged pressure. With
regards to the pressures, this means that if the pressure profile shifts outboard, the volume-
averaged pressure is likely to increase (because dV = 2piRdRdZ), while the cross-section-
averaged pressure is likely to remain approximately constant (because dS = dR dZ).
5.1.2 Shafranov Shift, ∆S
Another measure of the plasma equilibrium is the distance between the magnetic axis (the
location where Ψ has its maximum), and the geometric axis (the centre of the plasma
boundary). This distance is known as the Shafranov shift,
∆S =
√
(Rmag −R0)2 + (Zmag − Z0)2, (5.6)
where (Rmag, Zmag) is the location of the magnetic axis, and (R0, Z0) is the location of the
geometric axis.
5.1.3 Safety Factor, q
The safety factor (so-called because small values of the safety factor are related to in-
stabilities in the plasma) is the number of toroidal orbits a magnetic field line makes for
each poloidal orbit. Because magnetic field lines are restricted to surfaces of constant Ψ
(because the poloidal magnetic field follows contours of constant Ψ), the safety factor is a
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function of Ψ. The safety factor, q(Ψ) is defined by
q(Ψ) =
1
2pi
∮
1
R
Bφ
|Bpoloidal| dl, (5.7)
where dl is an element of length along a surface of constant Ψ. Because this integral
cannot be carried out for Ψ = Ψmax, the value of the safety factor at the magnetic axis is
the limit of this integral as Ψ→ Ψmax.
5.2 Physics Studies
In this section the physical effects of varying the magnitude of the profiles describing the
energetic fluid is investigated while keeping the properties of the background fluid, and the
total mass of each fluid, constant. First, a profile parameterisation for the quasi-variables
is chosen, and the constraints of the parameterisation are given. Finally, we discuss the
results of the scans of the toroidal quasi-Mach number Mj,φ, the poloidal quasi-Mach
number Mj,θ, and the quasi-pressure Pj . A scan of the quasi-density Dj is unnecessary as
the scan would not conserve the total mass of the energetic fluid.
5.2.1 Profile Parameterisations
In order to explore the physics of the energetic species, profiles must be chosen for the
quasi-variables defining the energetic fluid. In this section, we follow Guazzotto et al. [5]
and use a power-law expression for parameterising the quasi-variables. The parameterisa-
tions used are:
Pj(Ψ) = Pj,edge + (Pj,centre − Pj,edge)
∣∣∣∣ ΨΨmax
∣∣∣∣2 , (5.8)
Dj(Ψ) = Dj,edge + (Dj,centre −Dj,edge)
∣∣∣∣ ΨΨmax
∣∣∣∣ 12 , (5.9)
Mj,φ(Ψ) =Mj,φ,max
(∣∣∣∣ ΨΨmax
∣∣∣∣+Mj,φ,min) 12 , (5.10)
Mj,θ(Ψ) =
Mj,θ,edge at the plasma boundary (Ψ = 0)4Mj,θ,max ∣∣∣∣ ΨΨmax
∣∣∣∣ (1− ∣∣∣∣ ΨΨmax
∣∣∣∣) otherwise ,
(5.11)
where Ψmax is the maximum value of Ψ (i.e. the value of Ψ at the magnetic axis), Pj is the
quasi-pressure, Dj is the quasi-density and Mj,φ and Mj,θ are the toroidal and poloidal
quasi-Mach numbers respectively. The parameterisations for Pj and Dj are used only for
the energetic fluid as experimental data was available for the pressure and density of the
background fluid from MAST. However, the parameterisations for Mj,φ and Mj,θ are used
for both fluids in the absence of toroidal and poloidal flow data from MAST.
5.2.2 Constraints
In this section, the profiles of the quantities in Eq. (5.8) to Eq. (5.11) will be kept constant,
and only their magnitudes will be varied. This is partly done to reduce the number of
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parameters that will be varied, but also to give a clearer idea of the effect of each quasi-
variable separately. Consequently, following Guazzotto et al. [5], we keep the following
constant throughout the scans:
Penergetic,edge
Penergetic,centre
= 10−2, (5.12)
Denergetic,edge
Denergetic,centre
= 10−2, (5.13)
Menergetic,θ,min = 10−3, (5.14)
Menergetic,θ,edge = 10−3. (5.15)
In addition to keeping the above fixed, the total mass of each of the fluids is kept
constant. To achieve this without varying Dj,centre, the scaling relationship Eq. (4.26) on
page 43, suitably transformed to the new quasi-variables, is used. The plasma performance
measures that are used to describe the plasma equilibria are invariant under this transfor-
mation because the fluid pressures, magnetic fields and currents that they are calculated
from are also invariant under the transformation. Therefore the condition of conservation
of fluid mass has no effect upon the performance measures considered in this chapter.
5.2.3 Scan of Menergetic,φ,max
In these scans, we investigate the effect of variations of the toroidal energetic-fluid ve-
locity on the plasma equilibrium. The profile of Menergetic,φ is kept constant, and only
its magnitude is varied. The values for the other energetic species parameters are as fol-
lows: Denergetic,centre = 0.5, Menergetic,θ,max = 0.25 and Penergetic,centre = 0.005/µ0. The
factor of µ0 is present in the value used for Penergetic,centre because the scaling relationship
Eq. (4.28) is used in FLOW to normalise µ0 = 1. The value actually given to FLOW in its
normalised units is Penergetic,centre = 0.005. The corresponding values for the background
plasma areMbackground,φ,max = 0.15, andMbackground,θ,max=0.1, and the maximum value of
Pbackground(Ψ) is 0.01/µ0, where the mass-density and pressure profiles for the background
plasma are the same as those used in the CHEASE benchmark in §4.6.
The results of the scan are shown in Figure 5.1. Values for Menergetic,φ,max between
0.05 and 1.30 were used, because values exceeding 1.30 caused the Bernoulli equation to
have no solutions somewhere in the plasma. As discussed in §4.2.2, this implies that the
plasma cannot exist at equilibrium in under these conditions and must evolve.
Shafranov shift, ∆S (Figure 5.1(a))
We begin with a discussion of the Shafranov shift shown in Figure 5.1(a). As the toroidal
velocity of the energetic fluid increases, the centrifugal force in the frame of the fluid
increases, causing an outboard1 shift of the plasma. In turn, the pressure gradient on the
outboard side of the plasma increases to balance the increased centrifugal force. As the
energetic fluid shifts outboard, the current of this fluid moves further towards the outer
edge. Because the magnetic axis is where the poloidal magnetic field becomes zero, it is a
measure of the ‘centre-of-current’ (in analogy to the centre-of-mass) of the plasma. Hence,
as part of the current in the energetic fluid moves outboard, so must the magnetic axis.
1The directions outboard and inboard are defined in Figure 2.6 on page 15.
§5.2 Physics Studies 53
0 0.2 0.4 0.6 0.8 1 1.2 1.40.11
0.12
0.13
0.14
0.15
0.16
0.17
0.18
0.19
Sh
af
ra
no
v s
hif
t [
m
]
Menergetic,!,max
0 0.2 0.4 0.6 0.8 1 1.2 1.40.8
1
1.2
1.4
1.6
1.8
On
!a
xis
 sa
fe
ty 
fa
cto
r q
0
Menergetic,!,max
0 0.2 0.4 0.6 0.8 1 1.2 1.40
0.5
1
1.5
2
2.5
3
3.5
4
4.5
Menergetic,!,max
Pl
as
m
a 
" N Background plasma "N
High energy species "N
Total plasma "N
Reference "N
0 0.2 0.4 0.6 0.8 1 1.2 1.40
0.5
1
1.5
Menergetic,!,max
Pl
as
m
a 
" p
ol Background plasma "pol
High energy species "pol
Total plasma "pol
Reference "pol
(a) (b)
(c) (d)
Figure 5.1: Selected plasma properties vs. energetic toroidal Mach number, Menergetic,φ,max.
Each equilibrium calculated on a 257× 257 grid. The four plots show (a) the Shafranov shift, ∆S
(separation of the magnetic and geometric axes), (b) the on-axis value of the safety factor, q0, (c)
the normalised-β, βN , and (d) the poloidal-β, βpoloidal. The ‘reference’ β’s referred to in plots (c)
and (d) are the values of the respective β’s for the plasma equilibrium with the background plasma
only. The value of Mφ,max for the background fluid is 0.15.
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We note that the step increments in Figure 5.1(a) correspond to the radial grid resolution
used in FLOW.
Safety factor at the magnetic axis, q0 (Figure 5.1(b))
The value of the safety profile at the magnetic axis depends inversely upon the magnitude
of the poloidal magnetic field near the magnetic axis, as shown by Eq. (5.7). Near the
magnetic axis, an approximation for |Bpoloidal| can be made from Ampe`re’s law. Consider
a small Ampe`rian loop along a contour of constant Ψ (i.e. parallel to the poloidal magnetic
field) near the magnetic axis. Ampe`re’s law gives∮
Bpoloidal · dl =
∮
|Bpoloidal| dl = µ0
∫
JφdA, (5.16)
where dl is the element of length along a contour of constant Ψ. Sufficiently close to the
magnetic axis, this contour will approximate a circle of radius r, and both |Bpoloidal| and
Jφ will be constant over this circle. Using this approximation, the following relationship
is obtained for the poloidal magnetic field near the magnetic axis:
|Bpoloidal| = 12µ0 |Jφ,mag| r, (5.17)
where Jφ,mag is the toroidal current density at the magnetic axis. Substituting this ex-
pression into Eq. (5.7), and applying the same approximation gives
q0 =
2 |Bφ,mag|
µ0 |Jφ,mag|Rmag , (5.18)
where Bφ,mag is the value of the toroidal magnetic field at the magnetic axis. Because the
toroidal magnetic field is mostly determined by the vacuum toroidal field, q0 is principally
a measure of the toroidal current density at the magnetic axis, and the location of the
magnetic axis through Rmag.
An expression for JφR at the magnetic axis can be obtained by using a straight-forward
generalisation of Eq. (3.30) on page 22,
Jφ = − 1
µ0
R∇ ·
(
1
R2
∇Ψ
)
. (5.19)
Combining this with the generalised Grad-Shafranov equation (Eq. (6.3) on page 69) and
noting that ζ ′j → 0 at the magnetic axis, JφR at the magnetic axis can be written as
JφR =R2
∑
j
ρjH
′
j +R
4
∑
j
ρjΩjΩ′j +
1
µ0
ff ′ +R2f
∑
j
Ω′jζ
′′
j −R2
∑
j
ρ
γj
j
γj − 1σ
′
j , (5.20)
where all variables are evaluated at the magnetic axis, and f(Ψ) = BφR because ζ ′j = 0.
The behaviour of q0 in Figure 5.1(b) can be explained through examining the depen-
dence of Eq. (5.20) on Mj,φ. Substitution of the quasi-variable definitions in Table 4.2
on page 43 into Eq. (5.20), reveals that JφR at the magnetic axis has a combination of a
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linear and a quadratic dependence on Mj,φ,max. That is,
Jφ ∝
∑
j
{
R2γjPjM
′
j,θ
[
1 +
ρj
Dj
(
1− R
2
R20
)]}
Mj,φ
+
∑
j
[
1
2
R2
(
R2
R20
− 1
)
γjρj
(
Pj
Dj
)′]
Mj,φM
′
j,φ,
(5.21)
where M ′j,φ ∝ Mj,φ,max, and all variables are evaluated at the magnetic axis. For suf-
ficiently small Mj,φ,max, the linear term will dominate the dependence of JφR at the
magnetic axis, but as Mj,φ,max increases the quadratic term will dominate. The linear
term acts to decrease JφR, while the quadratic term increases it. This is because at the
magnetic axis, M ′j,θ < 0 from Eq. (5.11) on page 51,
ρj
Dj
∼ 1, 0 <
(
R2
R20
− 1
)
. 0.5, and
0 <
(
Pj
Dj
M2j,φ
)′
.
As can be seen from Figure 5.1(b), forMenergetic,φ,max . 0.2, the linear term dominates
and JφR at the magnetic axis decreases. Because the on-axis value of the safety profile q0
is inversely proportional to JφR at the magnetic axis, as Menergetic,φ,max increases, q0 will
also increase up to Menergetic,φ,max ∼ 0.2. After this point, the quadratic term begins to
dominate, and at the magnetic axis, JφR begins to increase, hence decreasing q0.
Plasma β (Figure 5.1(c,d))
The behaviour of the two average β’s in Figure 5.1(c,d) is more complex. Qualitatively, the
energetic fluid’s mass-density profile shifts outboard (even more than the magnetic axis),
and also heightens and narrows as Menergetic,φ increases. In turn, this has a similar effect
on the pressure profile of the energetic fluid (as shown in Figure 5.2), and so the energetic
fluid’s β’s are increased. The pressure of the background plasma is not increased, but its
profile is shifted outboard due to the shift of the magnetic axis. This has little effect on
the average background fluid pressure used for either βN or βpoloidal. The reduction in the
β’s for the background plasma comes from an increase in the total toroidal plasma current
caused by the increased velocity of the energetic fluid.
To explain the cause for the change in the pressure profile of the energetic fluid as
Menergetic,φ,max is increased, an exact solution for the fluid-mass density is first obtained in
the limit of small poloidal flow. Substituting this approximate expression into Eq. (3.54)
on page 25 will enable an approximate solution to be obtained for the pressure, pj , from
which its dependence upon Mj,φ,max can be investigated.
An approximate dependence of ρj on Mj,φ,max is found by obtaining an approximate
solution for ρj from the Bernoulli equation. Near the magnetic axis, the poloidal flow
will be small (as shown by Eq. (5.11)), and the first term on the right hand side of the
Bernoulli equation (Eq. (3.77) on page 30) can be neglected. This gives
ρj ≈
{
γj − 1
γjσj(Ψ)
[
Hj(Ψ) +
1
2
(RΩj(Ψ))
2
]} 1
γj−1
, (5.22)
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Figure 5.2: Energetic fluid pressure profile through the mid-plane as Menergetic,φ,max is increased.
The pressure profile for each value of Menergetic,φ,max used in Figure 5.1 has been plotted. These
values range from 0.05 to 1.30, the broadest profile in this figure being Menergetic,φ,max = 0.05, the
narrowest being Menergetic,φ,max = 1.30. Note that the maximum of the pressure profile is further
outboard than the magnetic axis.
which, after substituting in the quasi-variables from Table 4.2 on page 43 becomes
ρj ≈ Dj(Ψ)
{
1 + (γj − 1)
[(
R
R0
)2
− 1
](
1
2
Mj,φ −Mj,θ
)
Mj,φ
+
γj − 1
2
(
R
R0
)2
M2j,θ
} 1
γj−1
.
(5.23)
The increase in the maximum fluid mass-density for large values of Mj,φ can be seen
more clearly near the magnetic axis, which is approximately where the fluid mass-density
will be a maximum; the actual maximum will be slightly outboard of this position. Near
the magnetic axis, the poloidal flow termMj,θ must approach zero to prevent a singularity
in the poloidal angular velocity, this is the reason for the
(
1−
∣∣∣ ΨΨmax ∣∣∣) term in Eq. (5.11).
The value of ρj at the magnetic axis is
ρj,mag ≈ Dj(Ψmax)
{
1 +
γj − 1
2
M2j,φ,max
[(
Rmag
R0
)2
− 1
]} 1
γj−1
, (5.24)
where ρj,mag is the fluid mass-density at the magnetic axis, and Rmag is the radius at
which the magnetic axis is located. Because Rmag/R0 > 1 (see for example, Figure 4.9(a)
on page 47), and γj > 1, as Mj,φ,max increases, the maximum value of ρj will increase
beyond Dj(Ψmax). However, sufficiently close to the inboard side of the plasma, the term
in curly braces in Eq. (5.23) will be less than 1 and the mass-density will be reduced. This
reduction will occur for R . R0. Thus as Mj,φ is increased, the mass-density profile will
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be shifted outboard, heightened and narrowed.
A similar effect also occurs for the fluid pressure, as can be seen by using the definition
of σj(Ψ) in Eq. (3.54) on page 25 with Eq. (5.24) to solve for the fluid pressure in terms
of the quasi-variables in Table 4.2 on page 43,
pj,mag ≈ Pj(Ψ)
{
1 +
γj − 1
2
Mj,φ,max
[(
Rmag
R0
)2
− 1
]} γj
γj−1
. (5.25)
Thus, for the same reasons as given before for the fluid mass-density, as Mj,φ is increased
the pressure profile will be both heightened and narrowed, but even more so than for the
fluid mass-density because the exponent of the term in curly braces in Eq. (5.25) is greater
than the exponent in Eq. (5.24). The heightening and narrowing of penergetic is shown in
Figure 5.2.
The increase in the maximum fluid mass-density and pressure at the magnetic axis is
partially an effect of the profile parameterisation: Dj(Ψ) and Pj(Ψ) are the quasi -mass-
density and quasi -pressure respectively, they only correspond to ρj and pj in the zero-flow,
R0 →∞ limit. By appropriately varying Pj(Ψ) and Dj(Ψ), a scan could be performed
where Menergetic,φ is increased while keeping either the maximum mass-density constant
and/or the maximum pressure constant, or possibly keeping the value of the mass-density
and/or pressure at the magnetic axis constant. Nevertheless, the change in the shape of
the profile is a physical effect as shown in Eq. (5.22): on a given flux surface (i.e. for fixed
Ψ), the mass-density (and also the pressure) varies on a flux surface, increasing towards
the outboard side of the plasma. Importantly, the maximum mass-density and pressure
of a fluid will always be outboard of the magnetic axis for non-zero toroidal flow of that
fluid.
In this scan, Mbackground,φ,max is kept constant while Menergetic,φ,max is varied. As a
result, only the energetic fluid’s pressure and mass-density will be heightened and narrowed
as Menergetic,φ,max is increased; the pressure and mass-density of the background fluid will
only experience a slight outboard shift due to the shift of the magnetic axis. Because the
maximum pressure increases so much more significantly than the pressure profile narrows,
both β’s for the energetic fluid increase despite the increasing toroidal plasma current.
5.2.4 Scan of Menergetic,θ,max
Next, we investigate the effect of variations in the poloidal energetic-fluid velocity on the
plasma equilibrium. The profile of Menergetic,θ is kept constant, only its magnitude is
varied. The values for the other parameters used for the energetic species are as follows:
Denergetic,centre = 0.5, Menergetic,φ,max = 0.7 and Penergetic,centre = 0.005/µ0. The values for
the background plasma are the same as in §5.2.3. The results of the scan are shown in
Figure 5.3. Values for Menergetic,θ,max between 0.01 and 0.40 were used, because values
exceeding 0.40 caused the Bernoulli equation to have no solutions at some point in the
plasma. A similar limitation was found in §5.2.3.
Shafranov shift, ∆S (Figure 5.3(a))
Increasing poloidal flow has comparably little effect on the position of the magnetic axis
as shown in Figure 5.3(a). This is not unexpected because the increasing poloidal flow
will not add to any outboard centrifugal force in the fluid’s frame of reference.
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Figure 5.3: Selected plasma properties vs. energetic poloidal Mach number, Menergetic,θ,max.
Each equilibrium calculated on a 257× 257 grid. The four plots show (a) the Shafranov shift, ∆S
(separation of the magnetic and geometric axes), (b) the on-axis value of the safety factor, q0, (c)
the normalised-β, βN , and (d) the poloidal-β, βpoloidal. The ‘reference’ β’s referred to in plots (c)
and (d) are the values of the respective β’s for the plasma equilibrium with the background plasma
only. The value for Mθ,max for the background fluid is 0.1.
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Plasma β (Figure 5.3(c,d))
The steady decline of both β’s for the background and energetic fluids shown in Fig-
ure 5.3(c,d) is due to the steady increase of the plasma current with Menergetic,θ,max, as
shown in Figure 5.4. It is clear from this figure that for the range ofMenergetic,θ,max shown,
the dependence of the total current upon Menergetic,θ,max is approximately linear. With
this in mind, we investigate the dependence of the toroidal current density Jφ on Mj,θ.
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Figure 5.4: Plasma current as Menergetic,θ,max is increased.
To obtain an expression for the toroidal current density, Eq. (5.19) is solved with the
generalised Grad-Shafranov equation, Eq. (6.3) on page 69, to arrive at a generalisation
of Eq. (5.20):
Jφ =R
∑
j
ρjH
′
j +R
3
∑
j
ρjΩjΩ′j +
f ′
µ0
Bφ +BφR2
∑
j
Ω′jζ
′′
j
−R
∑
j
ρ
γj
j
γj − 1σ
′
j +
∑
j
ζ ′jζ
′′
j
ρjR
[
|∇Ψ|2 + (BφR)2
]
−R∇ ·
∑
j
1
ρj
ζ ′2j
∇Ψ
R2
 . (5.26)
The linear dependence of Jφ upon Mj,θ is mainly present in the fourth term on the RHS
of Eq. (5.26) through ζ ′′j , and to a lesser extent in the first term on the RHS through
H ′j . The dependence of the first term is suppressed compared to the fourth because, once
expanded in terms of the quasi-variables, the first term is found to contain
(
1− R2
R20
)
,
which suppresses the first term, whereas the fourth term does not.
The linear dependence of Eq. (5.26) with the poloidal flow does not increase the toroidal
current density throughout the entire plasma, but instead only near the plasma boundary,
while it instead decreases the current density near the centre of the plasma. This is because
ζ ′′j is proportional to M
′
j,θ, and from the definition of Mj,θ in Eq. (5.11) on page 51, M
′
j,θ
is positive only for Ψ < 12Ψmax and becomes negative for Ψ >
1
2Ψmax. However, the
net effect is to increase the total toroidal current because the area of the plasma where
Ψ < 12Ψmax is approximately twice as large as the area where Ψ >
1
2Ψmax, as can be seen
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from Figure 4.9(a) on page 47. The more significant reduction in βpoloidal is because of
its dependence on 1/I2plasma whereas βN is proportional to 1/Iplasma. The pressures are
essentially unaffected by the increasing poloidal flow; the effect on the β’s is due entirely
to the increasing total toroidal current.
Safety factor at the magnetic axis, q0 (Figure 5.3(b))
Another consequence of the reduction in current density in the centre of the plasma is
that the value of the safety factor at the magnetic axis increases with increasing poloidal
flow as shown in Figure 5.3(b). This is because q0 is inversely proportional to Jφ at the
magnetic axis as shown in Eq. (5.18).
The higher density of points between 0.25 .Menergetic,θ,max . 0.30 was to resolve fine-
scale structures of the plot of the on-axis safety profile when the grid resolution was
129×129 points, however, this mostly disappeared when the grid resolution was increased
to 257× 257 points. It is believed that the slight kink in the on-axis safety profile around
Menergetic,θ,max ≈ 0.27 is a numerical artefact that would be smoothed if the grid resolution
was further increased.
5.2.5 Scan of Penergetic,centre
Finally, we investigate the effect of variations in the energetic fluid pressure on the
plasma equilibrium. The profile of Penergetic is kept constant, only its magnitude is var-
ied. The values for the other parameters used for the energetic species are as follows:
Denergetic,centre = 0.5, Menergetic,φ,max = 0.7 and Menergetic,θ,max = 0.25. The corresponding
values for the background plasma are the same as in §5.2.3 and §5.2.4.
The results of the scan are shown in Figure 5.5, values for Penergetic,centre between
5 × 10−4/µ0 and 10−2/µ0 were used. Larger values imply the maximum pressure of the
energetic fluid exceeds that of the background plasma.
Shafranov shift, ∆S (Figure 5.5(a))
Qualitatively, the magnetic axis shifts outboard as the pressure of the energetic fluid is
increased because of an outboard shift in the toroidal current. An outboard shift in the
toroidal current density will hence translate into an outboard shift of the magnetic axis.
The cause for this outboard shift in the toroidal current density can be seen by neglecting
the poloidal and toroidal flow in Eq. (5.26), and substituting the definitions of the quasi-
variables in Table 4.2 on page 43. This yields
Jφ = R
∑
j
P ′j +
1
µ0
ff ′
R
. (5.27)
This dependence is equivalent the fact that the J×B force balances the force due to the
gradient in the pressure, which acts away from the centre of the plasma. If the pressure
profile increases, ∇p will increase, and so the current must also increase for the plasma
to remain in equilibrium. The toroidal current also shifts slightly outboard because the
dominant contribution to the magnetic field, the toroidal vacuum magnetic field, decreases
as 1R . To balance the increasing ∇p force, J must increase more towards the outboard
side of the plasma. Consequently, the magnetic axis will shift outboard as the pressure of
the energetic species is increased.
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Figure 5.5: Selected plasma properties vs. central energetic pressure, Penergetic,centre. Each
equilibrium calculated on a 257 × 257 grid. The four plots show (a) the Shafranov shift, ∆S
(separation of the magnetic and geometric axes), (b) the on-axis value of the safety factor, q0, (c)
the normalised-β, βN , and (d) the poloidal-β, βpoloidal. The ‘reference’ β’s referred to in plots (c)
and (d) are the values of the respective β’s for the plasma equilibrium with the background plasma
only. The maximum value of the pressure of the background fluid is 0.012/µ0.
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Safety factor at the magnetic axis, q0 (Figure 5.5(b))
The behaviour of the on-axis value of the safety factor in Figure 5.5(b) can be also ex-
plained with reference to Eq. (5.27). Because the toroidal current density must increase
throughout the entire plasma to balance the increasing ∇p force, the toroidal current
density at the magnetic axis increases. This causes the value of the safety factor at the
magnetic axis to decrease as per Eq. (5.18).
Plasma β (Figure 5.5(c,d))
The steady increase in both β’s for the energetic fluid is directly caused by the increase
in the pressure of the energetic species, as would be expected. The decrease in the β’s for
the background plasma is due to an increased total toroidal current, caused by a higher
toroidal current density throughout the entire plasma as discussed previously.
The total plasma β’s have different behaviours because of their different dependencies
on the total toroidal current. Although the energetic fluid’s βpoloidal is increasing, the
βpoloidal for the background fluid decreases more rapidly because it is proportional to
1/(Iplasma)2 causing the total βpoloidal to decrease. For βN , because it is proportional to
1/Iplasma, the total βN increases despite the reduction in βN of the background plasma.
5.3 Equilibrium Sensitivity to Profile Variations
One of the difficulties in tokamak experiments is determining the physical properties of
the plasma discharge. This problem arises because all measurement equipment must
be located either outside of the plasma, or at its edge to minimise both disruptions to
the plasma and damage to the measurement device. Although some properties of the
plasma can be obtained from these measurements, such as the pressure, density and flow
profiles, other properties, such as the location of the flux surfaces, cannot. This problem is
partially solved by measuring a range of properties of the plasma and using an equilibrium
reconstruction code, such as EFIT (described in Table 2.1 on page 16), to repeatedly solve
the Grad-Shafranov equation until the solution is consistent with the measurements.
In many tokamak experiments without a motional Stark effect diagnostic [53] (such
as MAST and NSTX), the greatest source of uncertainty lies in the current profile, and
therefore the location of the internal flux surfaces and the safety-factor profile. A sec-
ond source of uncertainty lies in the energetic fluid profiles. Whilst diagnostics do exist
to characterise the energetic fluid, they are usually less well developed, and at a lower
resolution than their thermal counterparts.
We aim to investigate the effect of variations of the energetic profiles on the plasma
equilibrium. To do this, the current density profile is varied and a new plasma equilibrium
is constructed that conserves two experimentally measurable quantities: the total toroidal
plasma current Iplasma, and a measure of the total energy of the plasma, Λ, yet to be
defined. These conditions are met by varying the magnitude of the current profile, and
the profile of the energetic fluid’s pressure or toroidal flow. Finally, the sensitivity of
the poloidal flux Ψ with respect to the changes in the profiles of the energetic fluid is
investigated.
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5.3.1 Profile Parameterisations
To investigate the effect of profile variations, it will be necessary to be able to vary the
shape of the pressure and toroidal flow profiles while keeping their maxima constant.
This is achieved by allowing the exponents in Eq. (5.8) and Eq. (5.10) to vary. The
parameterisations used for the quasi-density and the quasi-poloidal Mach number in this
section are the same as those given in §5.2.1, while the parameterisations used for the
quasi-pressure and quasi-toroidal Mach number of the energetic fluid are:
Pj(Ψ) = Pj,edge + (Pj,centre − Pj,edge)
∣∣∣∣ ΨΨmax
∣∣∣∣αP , (5.28)
Mj,φ(Ψ) =Mj,φ,max
(∣∣∣∣ ΨΨmax
∣∣∣∣+Mj,φ,min)αφ , (5.29)
where in the parameterisation given in §5.2.1, αP = 2, and αφ = 12 .
A mapping is also needed to vary the toroidal current density profile, and while Jφ is
not a flux function, Eq. (5.27) suggests varying f(Ψ). The mapping used is
f
(∣∣∣∣ ΨΨmax
∣∣∣∣) = fCHEASE(0) + λ1
[
fCHEASE
(∣∣∣∣ ΨΨmax
∣∣∣∣λ0
)
− fCHEASE(0)
]
, (5.30)
where fCHEASE(Ψ/Ψmax) is the profile used in CHEASE, and f(Ψ) is written as a function
of Ψ/Ψmax to be consistent with fCHEASE(Ψ). The magnitude of f(Ψ) must be able to
vary in order to ensure that when the current profile is compressed or expanded (λ0 > 1
and λ0 < 1, respectively) that the total toroidal current Ip can be preserved. Indeed, the
particular form for the parameterisation of f(Ψ) was chosen to ensure that f(0) remains
constant when the current profile is varied. This is because at the boundary of the plasma
f(Ψ) = BφR, and Bφ will be the vacuum toroidal magnetic field, a well-determined
parameter.
5.3.2 Constraints
In this section, only the profiles of the quasi-pressure and quasi-toroidal Mach number
will be varied, and the maxima of these profiles will be kept constant. Consequently, in
addition to the constraints given in §5.2.2, the following are also kept constant:
Penergetic,centre = 0.005/µ0, (5.31)
Denergetic,centre = 0.5, (5.32)
Menergetic,φ,max = 0.7, (5.33)
Menergetic,θ,max = 0.25, (5.34)
where these were the values used for these constants in the scans in Section 5.2.
In this section, equilibria will be investigated subject to the conservation of two prop-
erties of the plasma that can be determined experimentally. The first of these is the total
toroidal plasma current,
Ip =
∫
Jφ dA. (5.35)
The other experimentally measurable quantity that will be conserved is a measure of
the energy of the plasma. In 1971, Shafranov [54] showed that for a plasma equilibrium
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with zero flow, a combination of certain plasma parameters (here denoted by Λ) could
be written in terms of two integrals over the plasma boundary and a volume integral.
Because the contribution of the volume integral to the sum is much less than that of the
surface integrals, the quantity Λ remains robust to variations in the internal structure
of the equilibrium while also being experimentally measurable through the properties of
the plasma at its surface. This expression was generalised to the case of a plasma with
arbitrary flow by Lao et al. [55] in 1985. The result obtained by Lao et al. was
βp +Wpt +
`i
2
= Λ, (5.36)
where βp, Wpt and `i are defined as:
βp =
2µ0
B2aV
∫
p dV, (5.37)
Wpt =
µ0
B2aV
∫
ρv2φ dV, (5.38)
`i =
1
B2aV
∫
|Bpol|2 dV, (5.39)
with V the plasma volume, and Ba a poloidal magnetic field used for normalisation defined
in Eq. (5.5). In this section, we assume without proof a generalisation of Lao et al.’s result
to a multi-fluid equilibrium: ∑
j
βp,j +
∑
j
Wpt,j +
`i
2
= Λ, (5.40)
where
βp,j =
2µ0
B2paV
∫
pj dV, (5.41)
Wpt,j =
µ0
B2paV
∫
ρjv
2
j,φ dV. (5.42)
Just as in Section 5.2, conservation of plasma mass for each fluid is automatically
satisfied.
5.3.3 Method
The aim of this section is to investigate the sensitivity of the plasma equilibrium to varia-
tions in the profiles of certain properties of the plasma while two experimentally measur-
able quantities are conserved. In each scan, the profile of the toroidal current density is
perturbed by selecting a value for λ0 6= 1, and values are sought for λ1 and one of the α’s
(the other is kept fixed) such that Ip and Λ have the same values as for λ0 = 1, i.e. the
unperturbed equilibrium. This is done in two separate scans. In the first, the profile of
the quasi-pressure is allowed to vary through αP while αφ is kept fixed. In the second, the
profile of the quasi-toroidal Mach number is allowed to vary through αφ, and αP is kept
fixed. The values for λ1 and either αP or αφ are sought by using MATLAB’s fminsearch
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nonlinear minimisation routine to find values of λ1 and α such that∣∣∣∣∆IpIp0
∣∣∣∣+ ∣∣∣∣∆ΛΛ0
∣∣∣∣ (5.43)
is minimised, where ∆Ip is the deviation of the new value of Ip from the original, Ip0, and
similarly for ∆Λ and Λ0.
5.3.4 Results & Discussion
We now investigate the response of the energetic pressure and toroidal flow profiles to
perturbations in the toroidal current profile, subject to the conservation of Λ, and the
total toroidal current. In these scans, values for λ0 between 0.8 and 1.2 were used, i.e.
a ±20% variation of the profile of f(Ψ) was investigated. Figure 5.6 shows the results
for the first scan, where αP was allowed to vary, and Figure 5.7 shows the results for the
second scan, where αφ was allowed to vary.
The accuracy of the solutions found by fminsearch were mostly excellent, as Λ and the
total toroidal current were conserved to within 0.02% for all points except two; these two
points are λ0 = 1.15 and λ0 = 1.2 in the scan where αφ varies (shown in Figure 5.7). The
cause for the significantly larger error for these two points can be seen in Figure 5.7(a): if
the trend in αφ continued to λ0 = 1.15 and λ0 = 1.2, αφ would become negative. We have
constrained αφ ≥ 0 to ensure that Menergetic,φ is a maximum at the centre of the plasma.
Consequently, the best solution that fminsearch could find was λ1 ≈ 0, and so it was
unable to conserve both Λ and the total toroidal current simultaneously. In the remaining
discussion, the points λ0 = 1.15 and λ0 = 1.2 are ignored in both scans because of the
significantly increased error.
To quantify the effect of varying the pressure and toroidal flow profiles of the energetic
fluid on the magnetic equilibrium, a mean fractional difference in the poloidal flux Ψ is
considered, ∫
Ψ≥0.05Ψmax
∣∣∣∣Ψ−Ψ0Ψ0
∣∣∣∣ dS
/ ∫
Ψ≥0.05Ψmax
dS, (5.44)
where Ψ0 is the unperturbed equilibrium (λ0 = 1), and only the region of the plasma
where Ψ > 0.05Ψmax is considered to avoid the potentially large contribution to the
integral where Ψ is small. This quantity, along with its standard deviation, is plotted
in Figure 5.6(c) and Figure 5.7(c). From these plots, it can be seen that for a deviation
of ±20% in the profile of the toroidal current density (as measured by λ0), on average,
Ψ varies by approximately ±10%. This variation, although not massive, warrants some
investigation of its cause.
There exist some similarities between Figure 5.6 and Figure 5.7, these are shown more
clearly in Figure 5.8. For example, a comparison of Figure 5.6(a) and Figure 5.7(a) shows
that the dependence of λ1 upon λ0 is very similar in the two scans. This is shown more
clearly in Figure 5.8(a). This similarity suggests that the 10% variation in Ψ is caused
more by the variation of the toroidal current density profile, than by the variation of either
the pressure or toroidal flow profiles. This hypothesis is supported by a comparison of
Figure 5.6(c) and Figure 5.7(c), shown more clearly in Figure 5.8(b). Again, it is found
there is little difference between the results where αP varies, and where αφ varies. Further
evidence can be seen in that both αP and αφ have a larger variation over the scans than
the ±20% variation introduced into λ0; αP varies by around 40%, while αφ varies by
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Figure 5.6: Results of the scan investigating the robustness of the plasma equilibrium to pressure
profile variations. Results calculated on a 257 × 257 grid. The four plots show (a) the profile
parameters λ1 and αP , (b) the various contributions to the plasma energy Λ, (c) the mean fractional
difference between the poloidal flux for the perturbed equilibrium and the unperturbed equilibrium,
and (d) is the error in the final solution obtained by fminsearch (Eq. (5.43)).
around 50–100%. This suggests that Ψ is more sensitive to the profile of f(Ψ) than the
energetic fluid’s pressure or toroidal flow profiles. Although the evidence is not conclusive,
this result is not unexpected as the variations in the energetic fluid pressure or toroidal
flow profiles are only perturbations of the smaller fluid in the plasma, whereas f(Ψ) is a
property of the entire plasma, hence one would expect variations in f(Ψ) to have a larger
effect.
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Figure 5.7: Results of the scan investigating the robustness of the plasma equilibrium to toroidal
Mach number profile variations. Results calculated on a 257×257 grid. The four plots show (a) the
profile parameters λ1 and αφ, (b) the various contributions to the plasma energy Λ, (c) the mean
fractional difference between the poloidal flux for the perturbed equilibrium and the unperturbed
equilibrium, and (d) is the error in the final solution obtained by fminsearch (Eq. (5.43)).
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Figure 5.8: Comparison of the scans investigating the robustness of the plasma equilibrium to
variations in the pressure and toroidal flow profiles shown in Figure 5.6 and Figure 5.7 respectively.
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Chapter 6
Conclusion
In this thesis, we have investigated the effect of an energetic component of a plasma upon
the equilibrium of a tokamak plasma. This was achieved through deriving an original
multi-fluid model for the equilibrium of a toroidally-symmetric plasma, in which each
energetic component of the plasma is modelled as a separate fluid. This model assumed
that the velocity distribution of each fluid could be described by a Maxwell-Boltzmann
distribution function, that the pressure exerted by each fluid is isotropic, that plasma
resistivity is negligible and that each fluid is quasi-neutral. The equations describing this
model include an equation for the toroidal component of the magnetic field, Eq. (3.76),
BφR =
f(Ψ) + µ0
∑
j R
2ζ ′j(Ψ)Ωj(Ψ)
1− µ0
∑
j
1
ρj
ζ ′2j (Ψ)
, (6.1)
the Bernoulli equation for each fluid, Eq. (3.77),
Hj(Ψ) =
1
2
(
ζ ′j
ρjR
)2 [
|∇Ψ|2 + (BφR)2
]
+
γj
γj − 1σjρ
γj−1
j −
1
2
(RΩj)
2 , (6.2)
and the modified Grad-Shafranov equation, Eq. (6.3),
1
µ0
∇ ·
1− µ0∑
j
1
ρj
ζ ′2j
 ∇Ψ
R2
 =−∑
j
ρjH
′
j −R2
∑
j
ρjΩjΩ′j
−BφR
 1
µ0
f ′
R2
+
∑
j
Ω′jζ
′′
j

+
∑
j
ρ
γj
j
γj − 1σ
′
j −
∑
j
1
R2
ζ ′jζ
′′
j
ρj
[
|∇Ψ|2 + (BφR)2
]
.
(6.3)
We implemented our model as a modification to the single-fluid plasma equilibrium
code FLOW. The modified code was then benchmarked against the single-fluid code
CHEASE to ensure reliability of the modified code in the single-fluid limit. Another
comparison was made between the results of the modified code for a single-fluid equilib-
rium, and an equivalent multi-fluid equilibrium, to ensure the reliability of the results
for a multi-fluid equilibrium. Finally, the modified code was then used to numerically
investigate the effect of an energetic fluid upon the plasma equilibrium. Specifically, the
following results were obtained:
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1. The magnetic equilibrium of the plasma is mostly determined by the toroidal current
density profile; the energetic components contribute to the toroidal current through
force-balance of the plasma.
2. As the toroidal flow increases, the toroidal current density increases and shifts out-
board. Consequently, the magnetic axis also shifts outboard, and the safety factor
at the magnetic axis decreases.
3. The safety factor at the magnetic axis increases with increasing poloidal flow-shear
at the centre of the plasma. Increasing toroidal flow decreases the safety factor at the
magnetic axis. This can be offset by increased poloidal flow-shear at the magnetic
axis.
4. While both the toroidal flow and flow-shear affect the current density at the magnetic
axis, only the poloidal flow-shear has an effect. That is, the poloidal effects are
weaker.
5. Qualitatively, the effect of the pressure of the energetic fluid is the same as increasing
the pressure of the background fluid. This is exactly true in the zero-flow limit.
6. For every fluid, the presence of toroidal flow results in the peak of the pressure profile
being shifted outboard of the magnetic axis. Equivalently, on any flux surface, the
pressure of any fluid is greater on the outboard side than on the inboard side in the
presence of toroidal flow.
7. While the effect of the fluid pressure on the magnetic equilibrium is dominated by
the effect of the pressure gradient, the effect of the toroidal flow is increased if the
fluid pressure is increased.
8. In separate working, in which the energy and toroidal current are conserved, it has
been shown that the equilibrium is relatively robust to variation in the energetic pro-
files of either the pressure or toroidal flow. The profiles provide the degree of freedom
necessary to ensure the conservation of energy and toroidal current in response to a
perturbation in the current profile.
6.1 Future Directions
There are a number directions in which this work can be taken. An immediate extension
would be to expand upon the investigation of the robustness of the plasma equilibrium
to variations in the profiles describing the energetic fluid. This would include varying the
poloidal flow profile, and investigating the situation where the toroidal current profile is
well-diagnosed, the main source of uncertainty in the plasma equilibrium is caused by the
energetic component of the plasma.
Another application of this work would be to examine in detail the effects of an ener-
getic component on a well-diagnosed fusion discharge. In addition, there has been a request
from the manager of the TRANSP code [56] (a particle transport and evolution code),
which is used extensively to model fusion tokamaks, to integrate the modified FLOW code
into TRANSP.
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In the longer term, a multi-fluid model could be derived from the Fokker-Planck equa-
tion assuming a slowing-down distribution for an energetic species, instead of a Maxwellian
distribution, to enable more accurate modelling of neutral-beam heated plasmas.
Finally, it would be interesting to investigate the stability of plasma equilibria under
this model to learn what effect an energetic component of the plasma might have upon
the plasma stability.
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